13.1 SOLUTIONS

CHAPTER THIRTEEN
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Solutions for Section 13.1

Exercises

1. 47 +27 —3i +j =7 +3]

2.0 +2j —6i —3] =—5i —J

3. —47 +8j — 0.5 +0.5k = —4.5 +8j + 0.5k

4. (0.97 — 1.8 —0.02k) — (0.6i —0.05k) = 0.3 —1.8] +0.03k

5. 17] =12+ (-1)2+32 =11

6. |7 = /12 + —12+22:\/6

7. 7] = /1.22 + (—3.6)2 + 4.12 = /31.21 ~ 5.6.

8. 7]l =+/722+ (- 1.5)2 +2.12 = /58.5 ~ 7.6.

9. 5b =5(—37 +5j +4k) = —15i +25] + 20k .

10 G +2 =02 +k)+(G -3 —k)=04+1)i +(2-3)] +(1 -1k =i —F
1. 2647 =201 +65 )4+ (=2 +97) = (20 +12)) + (=20 +97) = (2—2)7 + (12+9)] =217 .
12. [|Z]| = /(12 + (=32 + (-1)> = VI + 9+ 1= VIL

13. |71l = \/(4)? + (=7)% = V16 + 49 = V/65.

14.

2 +7b —57Z =2(2] +k)+7(=37 +5] +4k)—5(G —3] — k)
= (47 +2k) + (=217 + 355 +28k) — (5i — 15] — 5k )
= (=21 —5)i + (4+354+15)] + (2428 +5)k = —26i + 54 + 35k .

15. (a) See Figure 13.1.
(b) ||7]| = V52 + 72 = /74 = 8.602.
(c) We see in Figure 13.2 that tan 0 = % and so 6 = 54.46°.
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Figure 13.1 Figure 13.2

16. Resolving ¥ into components gives 7 = 8cos(40°)i — 8sin(40°)j = 6.137 — 5.14; . Notice that the component in

the f direction must be negative.

17.d =-2j,b=3i,6=i+j.,d=2j,éd =i —2j,f =—3i —j.



908 Chapter Thirteen /SOLUTIONS

18. The vector we want is the displacement from @) to P, which is given by

QP =(1—4)i +(2—6)] = —37 —4j

—

19.6d=b=¢=3k, d=2+3k, ¢=j, f=-2

20. @ =i +j +2k and¥ = —i +2k.

Problems

21. To determine if two vectors are parallel, we need to see if one vector is a scalar multiple of the other one. Since @ = —24 ,

and U = i(j’ and no other pairs have this property, only ¥ and 7, and ¥ and ¢ are parallel.

22. The length of the vector i —j +2k is /12 + (—1)2 4 22 = /6. We can scale the vector down to length 2 by multiplying
it by %. So the answer is \%f - %; + %E.
23. (a) The displacement from P to Q) is given by
PO =47 +6])— (i +2f) =37 +45.

IPQ| = /32 +42 =5,

a unit vector @ in the direction of Piij is given by

Since

1 1, - - 3> 4
SR o T A -
€=y Z:§—5(32+ j)—52+5j

(b) A vector of length 10 pointing in the same direction is given by
— 3 rd 4 rd rd s
108 =10(-t + =7 ) =67 +85.
5 5
24. Since the component of 7 in the 7 -direction is 3, we have & = 37 +bj for some b. Since |7 || = 5, we have v/3% + b2 =
5,80 b = 4 or b = —4. There are two vectors satisfying the properties given: v = 3¢ +4j and v = 37 —4j .
25. (a) The displacement vectors are:
From the submarine to the ship = —2i +37 + 6k
From the helicopter to the ship = 27 + 2;’ — 10k

From the submarine to the helicopter = —47 + ; + 16k

(b) The distance between the submarine and the ship is /49 = 7. The distance between the helicopter and the ship is
v/ 108 = 10.39. The distance between the submarine and the helicopter is /273 = 16.52. The submarine and the
ship are the closest.

26. We get displacement by subtracting the coordinates of the origin (0, 0, 0) from the coordinates of the cat (1,4, 0), giving
Displacement = (1 — 0)i + (4 —0)] + (0 —0)k =7 +4j.

27. We get displacement by subtracting the coordinates of the bottom of the tree, (2,4, 0), from the coordinates of the squirrel,
(2,4,1), giving:

Displacement = (2 — 2)7 + (4 —4)] + (1 —0)k =k .

28.

Displacement = Cat’s coordinates — Bottom of the tree’s coordinates
=(1-2)i+4—-4)7+0—-0k =—i.

29.

Displacement = Squirrel’s coordinates — Cat’s coordinates
=2-1)i+4—-4)]+01-0k =7 +k.
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30. (a) True, since vectors ¢ and f point in the same direction and have the same length.
(b) False, since vectors @ and d point in opposite directions. We have @ = —d.
(c) False, since -b points in the opposite direction to b, the vectors —b and @ are perpendicular.
(d) True. The vector f can be "moved” to point directly up the z-axis.
(e) True. We move in the positive x-direction following vector @ and then in the positive y-direction following vector
—b. The resulting sum is the vector €.
(f) False, vector d is the negative of the vector § — ¢. It is true that d=¢— g.

31. North -~
Y Police car
40 km/hr P
C e Police car
30 km/hr
truck
,r_,‘
Oy
x East
Truck
Figure 13.3

Since both vehicles reach the crossroad in exactly one hour, at the present the truck is at O in Figure 13.3; the police
car is at P and the crossroads is at C'. If 7 is the vector representing the line of sight of the truck with respect to the police

car.
7 = —40i — 305

32. In Figure 13.4 let O be the origin, points A, B, and C' be the vertices of the triangle, point D be the midpoint of BC, and
@ be the point in the line segment DA that is 1|DA| away from D.

Figure 13.4

From Figure 13.4 we see that
0Q =0D+DQ =0D + ém
— 0D + (04 - OD)
OD + 04~ ;0D
- émﬂ g(ﬁ.
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Because the diagonals of a parallelogram meet at their midpoint, and 20D is a diagonal of the parallelogram formed by
OB and O? , we have:

SO wWe can write:
0Q = 504+ (3) (OB +0C) = 3 (04 + OB + 00)

Thus a vector from the origin to a point % of the way along median AD from D, the midpoint, is given by % ((ﬁi +0B+
00).

In a similar manner we can show that the vector from the origin to the point % of the way along any median from the
midpoint of the side it bisects is also %(Oj + OB + O?) See Figure 13.5 and 13.6.

Figure 13.5 Figure 13.6

Thus the medians of a triangle intersect at a point % of the way along each median from the side that each bisects.

33. We want to find an expression for a vector from the origin to a point that is i of the way from a centroid to its opposite
vertex.
In Figure 13.7 let O be the origin, A, B, C, and D be the vertices of a tetrahedron, P be the centroid of face BC'D,
and @ be the point on PA that is |+ PA| away from P.

0@ = OP +PQ
:(ﬁﬁriﬁ

= 0P+ i((ﬁi — OP)
~ 0P+ [OA- 0P
= 2071 + ZOT’.
In Problem 32 we showed that a vector from the origin to P, the centroid of a triangle, is
OP = %(O’B) +0C + OD).
Substituting this into our expression for OQ gives
0Q = imﬁ% (%) (OB + OC + OD)
= i(ﬂ+ 3(0?4*0?4’@)
= i((ﬂ+(ﬁ+@+@).

In a similar manner we can show that a vector from the origin to a point i of the way from the centroid of any face

to its opposite vertex is (OA + OB + OC + OD). Thus, lines joining the centroid of each face to its opposite vertex
all meet at a single point which is i of the way from any centroid to its opposite face.
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Figure 13.7

34. We must check that all the points are the same distance apart, i.e., the magnitude of the displacement vectors 07, @,
O?, m, C@ and ﬁ is the same. Here goes:

|OA|| = [(27 + 0] +0k) — (0 +05 +0k)| =/22+02+02 =2

|OB|| = (17 4+ V3] +0k) — (07 +05 +0k)|| = \/12 + (v3)2 + 02 =2
IOC| = 107 + 1/v/3] +2y/2/3F) = (07 + 0 + 0k )|l = \/1+1/3+4(2/3) =2
|BA|| = [|(20 +0j +0k)— (10 + V3] +0k)|=v1+3+0=2
ICB|| = |(17 + V35 +0k) — (17 +1/V3] +2/2/3k)||
= /02 + (VB—1/V3)2+4(2/3) = \/3-2+1/3+8/3=2
ICA| = [|(2F +05 +0k) — (17 +1/V35 +24/2/3k)|| = /1+1/3+4(2/3) = 2.

Solutions for Section 13.2

Exercises

1. Scalar
2. Scalar

3. The magnetic field is a vector because it has both a magnitude (the strength of the field) and a direction (the direction of
the compass).

4. Temperature is measured by a single number, and so is a scalar.

5. Writing P = (P1, P, - -, Pso) where P; is the population of the i-th state, shows that P canbe thought of as a vector
with 50 components.

6. We need to calculate the length of each vector.

217 +35; || = /212 + 352 = V1666 ~ 40.8,
407 || = V402 = 40.

So the first car is faster.
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7. In components, we have 7 = —40 cos(20°)7 — 40sin(20°)] = —37.59i — 13.68] . Notice that both coefficients are
negative. The components are —37.597 and —13.68; .

8. In components, we have 7 = 10 cos(45°)i — 10sin(45°)j = (5v/2)i — (5v/2)j = 7.07¢ — 7.07] . Notice that the
coefficient in the j -direction must be negative. The components are 5v/27 and —5v/2 5 .
9. (a) If the car is going east, it is going solely in the positive z direction, so its velocity vector is 507 .
(b) If the car is going south, it is going solely in the negative y direction, so its velocity vector is —507 .
(c) If the car is going southeast, the angle between the z-axis and the velocity vector is —45°. Therefore
velocity vector = 50 cos(—45°)i + 50sin(—45°)7
= 25V2i — 2527 .
(d) If the car is going northwest, the velocity vector is at a 45° angle to the y-axis, which is 135° from the z-axis.
Therefore:
velocity vector = 50(cos 135°)7 + 50(sin 135°)] = —25v/27 + 25v/27 .
10. See Figure 13.8. Since

18
tanf = —
an 15,
we have
f = arctan (1—8) = 50.194°
N 15/ 77 ’
y
F 185
/N
154
X
Figure 13.8
Problems

11. Let the velocity vector of the airplane be Vo =ai —&—yf +2zk inkm/hr. We know that z = —y because the plane is traveling

northwest. Also, ||V || = y/22 4+ y2 + 22 = 200 km/hr and z = 300 m/min = 18 km/hr. We have /22 + 2 + 22 =
Va2 4+ x? + 182 = 200, so v = —140.8,y = 140.8, z = 18. (The value of x is negative and y is positive because the
plane is heading northwest.) Thus,

7 = —140.87 +140.87 + 18k .

12. (a) The velocity vector for the boat is b = 257 and the velocity vector for the current is
& = —10cos(45°)i — 10sin(45°)] = —7.077 — 7.07] .
The actual velocity of the boat is

b+¢&=17.93i —7.075.
(b) [|b + || = 19.27 km/hr.

(c) We see in Figure 13.9 that tan 0 = %, so 6 = 21.52° south of east.
17.93 g
- 7
y > 7.07
b+¢

Figure 13.9
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The velocity vector for the wind is @ = 60 cos(45°)i — 60sin(45°)] = 42.437 — 42.43] . If the airplane is to head
due east, then the component in the 7 -direction of § + @ must be zero (where § represents the velocity vector for the
airspeed of the plane.) Thus, we have p = A7 + 42.43;, for some value of A. Since the airplane is flying at an airspeed
of 500 km/hr, we have

7] = 500
VA2 442,432 = 500
A = 498.20.

‘We have
p = 498.20¢ + 42.43;5 .
42.43

198.20° so § = 4.87°. The plane

This is the direction the plane should head in order to go due east. We use tanf =
should head 4.87° north of east. Since

P+ = 540.637
the airplane’s speed relative to the ground is ||p" + @ || = 540.63 km/hr.

The velocity vector of the plane with respect to the air has the form
7 = ai + 80k where ||7 || = 480.

(See Figure 13.10.) Therefore /a2 + 802 = 480 so a = /4802 — 802 ~ 473.3 km/hr. We conclude that 7 ~ 473.37 +
80k .
The wind vector is

@ = 100(cos 45°)i + 100(sin 45°)7
~ 70.7i 4+ 70.7f

The velocity vector of the plane with respect to the ground is then

T+ @ = (473.37 4+ 80k ) + (70.77 +70.75 )
= 5447 + 70.75 + 80k

From Figure 13.11, we see that the velocity relative to the ground is
5447 + 70.75 .

The ground speed is therefore v/5442 + 70.72 ~ 548.6 km/hr.

Velocity relative
to ground

S
!

g

Y

- -

at at

Figure 13.10: Side view Figure 13.11: Top view

Let the z-axis point east and the y-axis point north. Since the wind is blowing from the northeast at a speed of 50 km /hr,
the velocity of the wind is
W = —50cos45°i — 50sin45°j ~ —35.4i — 35.45 .

Let @ be the velocity of the airplane, relative to the air, and let ¢ be the angle from the z-axis to @ ; since ||@ || =
600 km /hr, we have @ = 600 cos ¢i + 600 sin ¢j . (See Figure 13.12.)
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Figure 13.12

Now the resultant velocity, v/, is given by
T =a +@ = (600cos¢pi +600sin¢j ) + (—35.47 — 35.47 )
= (600 cos ¢ — 35.4)i + (600sin¢ — 35.4)7 .
Since the airplane is to fly due east, i.e., in the = direction, then the y-component of the velocity must be 0, so we must

have

600sing —35.4 =0
sing — 35.4
Thus ¢ = arcsin(35.4/600) = 3.4°.
(a) See Figure 13.13. Notice that the velocity vectors are tangent to the curve, they point in the direction of motion, and
they are longer when the rocket is moving faster.

(b) If the rocket has a parachute, it comes down more slowly. The velocity vectors on the downward part of the graph are
shorter for this rocket.

Q

Figure 13.13 Figure 13.14

See Figure 13.14.

At the point P, the velocity of the car is changing the quickest; not in magnitude, but in direction only. The acceleration
vector is therefore the longest at this point. The direction of the vector is directed in toward the center of the track because
the difference in velocity vectors at nearby points is a vector pointing toward the center.

The total scores are out of 300 and are given by the total score vector ¥ + 20 :
U + 20 = (73,80,91,65,84) + 2(82,79,88,70,92)
= (73,80, 91,65, 84) + (164,158,176, 140, 184)
= (237,238,267, 205, 268).

To get the scores as a percentage, we divide by 3, giving

1
5 (237,238,267, 205, 268) ~ (79.00,79.33,89.00, 68.33, 89.33).

Since there are 16 ounces in a pound, we multiply the vector by 1/16 to get 0.018754 + 0.0125; +0.03125k in dollars
per ounce.

We want the total force on the object to be zero. We must choose the third force F 3 so that F 1+ F 2+ F 3 = 0. Since
Fi1+4+F2=11i —4j,weneed F'3 = —11i +4j.
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22. Let the z-axis point east and the y-axis point north. We resolve the forces into components. Since the first force points

23.

24.

50° south of east with a force of 25 newtons, we have
Fi =25c0s(50°)i — 25sin50°] = 16.070i — 19.1515 .

Since F; lies in the fourth quadrant, the coefficient of iis positive and the coefficient of j is negative.
The second force points 70° north of west with a force of 60 newtons, so we have

Fy, = —60cos(70°)7 + 60sin70°j = —20.5217 + 56.3827 .

Since F5 lies in the second quadrant, the coefficient of iis negative and the coefficient of f is positive.
The third force must make the total force equal to zero, so we have
Fi+F+F =0
Fy = —(FL +F)
—((16.0707 — 19.1515 ) + (—20.5217 + 56.3825 ))
= —(—4.4517 + 37.2315)
= 4.4517 —37.2315 .

The magnitude of this force is | Fs || = v/4.4512 + 37.2312 = 37.50 newtons. The direction is arctan(37.231/4.451) =
83.20° south of east.

The force exerted on the object from the first rope F' 1 = 100 cos(30°)7 +100sin(30°)5 = 86.607 4 505 and the force
exerted from the second rope is F' 5 = 70 cos(80°)i — 70sin(80°)] = 12.167 — 68.947 . The sum of these two forces
isF i+ Fo=98.760 — 18.94;. See Figure 13.15. In order for the object to move vertically, the total force on the object
must be in the form F = 07 + 0;’ + bk for some b. Thus the force vector for the crane is

F .= —98.767 + 18.94] + bk
for some b. To find b, we use the fact that || F' .|| = 3000. Thus,

| E .|| = 3000
V/(98.76)2 + (18.94)2 + b2 = 3000
b = +2998.31

We use the positive value of b since we want the object to go up rather than down. The force exerted by the crane is
F .= —98.767 + 18.94] + 2998.31k .

The total force acting on the object is 2998.31k , or 2998.31 newtons straight up.

N
Fe
F 1 = 100 newtons
30°
w E
80°
_ v
S Y F'2 = 70 newtons
Figure 13.15: Horizontal forces on object Figure 13.16

The vector ¥ 4+ is equivalent to putting the vectors OA and AB end-to-end as shown in Figure 13.16; the vector W + v/
is equivalent to putting the vectors OC and CB end-to-end. Since they form a parallelogram, ¥ + & and @ + ¢ are both
equal to the vector OB, we have ¥ + @ = 0 + ¥.
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e
v
e >
at BT
BT
_—
Figure 13.17

The vectors ¥, ot and S are all parallel. Figure 13.17 shows them with o, 5 > 0, so all the vectors are in the same
direction. Notice that a4/ is a vector « times as long as ¥ and 37 is (3 times as long as ¥ . Therefore a0’ + 37 is a vector
(a + B) times as long as ¥/, and in the same direction. Thus,

af + 67 = (a+ B)7.

scaling
by
ot +w)
aw
U 4+
w
7] at
Figure 13.18

The effect of scaling the left-hand picture in Figure 13.18 is to stretch each vector by a factor of « (shown with
a > 1). Since, after scaling up, the three vectors a¥, o , and (¢ +f ) form a similar triangle, we know that (v + 1 )
is the sum of the other two: that is
o +W) =at + al.

Assume «, (3 > 0. The vector S¢ is in the same direction and 3 times as long as ¥/ . The vector «(87) is in the same
direction and « times as long as 3¢, and so is a3 times as long as ¥ and in the same direction as ¥ . Thus,

oB7) = (aB)7 .

Since the zero vector has zero length, adding it to ¥ has no effect.

According to the definition of scalar multiplication, 1 - ¥ has the same direction and magnitude as ¥/, so it is the same as

—

V.

By Figure 13.19, the vectors ¥ + (—1)w and ¥ — 0 are equal.

Figure 13.19 Figure 13.20
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31. The vector @ + ¥ is represented by OB. The vector (@ + ¥) + @ is represented by OB followed by B?, which is
therefore OC. Now ¥ + @ is represented by AC.So i + (U +w)is OA followed by AC, which is OC. Since we get

the vector OC' by both methods, we know
+ )

<y

(T+T)+d =u +(

Solutions for Section 13.3

Exercises

La-7=02+k) (4 —-7])=-14

2.7 =0 +67)-(4i —77)=(1)(4) + (6)(—=7) =4 — 42 = —38

3.G b =(2] +k)- (=37 +5] +4k) = (0)(=3) + (2)(5) + (1)(4) =0+ 10 + 4 = 14.
4.3 -2 =02/ +k)- (G -3 —k)=0) 1)+ ©2)(-3)+1)(-1)=0—-6—1=—T.
5.5+3f=(Z+6j_’)+(4;*7‘7):5575,s0

6. C-@+a -G=00+65)-(2] +k)+ 2] +k)-(4i —7j)=12—14= -2,
7. Since @ - b is a scalar and @ is a vector, the answer to this equation is a vector parallel to @ . We have
@-b=(2] +k) (=30 +5] +4k)=0(=3) +2(5) + 1(4) = 14.
Thus, . L . .
(@-b)-a =14a =14(25 + k) =285 + 14k

8. Since @ - ¥ and € - Z are both scalars, the answer to this equation is the product of two numbers and therefore a number.

We have L . .
a-g=25+k) - (4 —75)=04)4+2(-7)+1(0)=-14
¢-Z2=0{+6j)-(i =37 —k)=1(1)4+6(=3) +0(—1) = —17
Thus,
(@-g)-z)=238
9. Since ¢ - C isascalarand (¢ - ¢)d is a vector, the answer to this equation is another scalar. We could calculate ¢ - ¢, then

ince ¢
(¢ - @)d , and then take the dot product ((¢ - €)d ) - @ . Alternatively, we can use the fact that

Since
we have,
10. A normal vector can be obtained from the coefficients: @ = 27 + j —k.

11. Writing the equation in the form

shows that a normal vector is
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12. The equation can be rewritten as

13.

z—5bx+10=15—- 3y
—br+3y+z=>5

so 7l :—5f+3;+E.
Rewriting the equation as
20 — 2z = 3x + 3y
or
rz+3y+2z2=0

tells us that a normal vector is
n=1i+3j +2k.

Problems

14.

15.

16.

17.

18.

19.

20.

—

(a) Increasing ||¥'|| increases U - W because ¢ - w = ||T||||w || cos B, and cos @ is positive.
(b) Increasing 6 decreases ' - 1w because cos @ is a decreasing function.

(2) Any multiple of ¥ will work, for example, 87 + 6;.
(b) Any vector w such that v - @/ = 0 will work, such as —3¢ + 435 .

cosg— A7 +1i)~(7 -7 —E) _ @+ M=+ @)(=1)
[T +7 +kllE -7 =kl VIT+ 12+ 12/12 + (—1)% + (—1)2

1
o

So, 6 = arccos(—3%) ~ 1.91 radians, or &~ 109.5°.

Since 37 + \/gf = \/3(\/5 + 5), we know that 37 + \/gj and \/§Z + } are scalar multiples of one another, and
therefore parallel.

Since (vV3i +7)- (i —+/37) =3 — /3 =0, weknow that \/3i + j andi — /3] are perpendicular.

Since 37 + \/gf and /37 + 5 are parallel, 37 + \/55 and i — \/gj are perpendicular, too.
In general, & and ¥’ are perpendicular when ¢ - v = 0.
Inthis case, @ -7 = (ti —j +k)-(ti +tj —2k) =1>—t—2.
This is zero when t> —t — 2 = 0, i.e. when (t — 2)(t + 1) = 0,s0t = 2 or —1.
In general, ¢ and ¥ are parallel if and only if ¥ = o for some real number «.
Thus we need ati — aj + ak =ti + t; — 2]3, soweneed at = t,and —a = ¢, and o« = —2. Butif « = —2, we
can’t have at = t unless ¢ = 0, and if ¢ = 0, we can’t have —a = ¢, so there are no values of ¢ for which 4 and ¥ are
parallel.

Vectors ¥ 1, U 4, and ¥ g are all parallel to each other. Vectors ¥ 3, U'5, and ¥/ 7 are all parallel to each other, and are all

perpendicular to the vectors in the previous sentence. Vectors ¢ 2 and ¥/ ¢ are perpendicular.

(a) Perpendicular vectors have a dot product of 0. Since @ - & = 1(—=2) —3(=1) —1-1=0,and b - d = 1(—1) +
1(—=1) 4+ 2-1 =0, the pairs we wantare @, ¢ and b ,d .

(b) Parallel vectors are multiples of one another, so there are no parallel vectors in this set.

(c) Since ¥ - = ||¥||||w || cos b, the dot product of the vectors we want is positive. We have
@-b=1-1-31-1-2=-4
a-d=1(-1)—-3-1)-1-1=1
b-@=1(-2)+3(-1)+2-1=—1

d =-2(-1) - 1(-1)+1-1=4,

oL

and we already know @ - ¢ = b -d = 0. Thus, the pairs of vectors with an angle of less than 7 /2 between them are
a,d and ,d.
(d) Vectors with an angle of more than 7/2 between them have a negative dot product, so pairs are @, b and b, ¢.
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21. Let

—

a4 = @ parallel +a perp

where @ parallel is parallel to d,and @ perp 18 perpendicular to d.Then @ parallel 18 the projection of @ in the direction of

d:
. (q J) d
a4 parallel = a - ——— —
ld1l/ Nl

((3Z+25‘—61}')-

(20 —47 + k) (20 —4] + k)
V22 +42 412 ) (/22 442 412
8 - L
= —— (27 —4j
572 — 47 +k)

8 -
=—_d
21

Since we now know @ and @ paraliel, We can solve for @ perp:

&perp =da — aparallel
= (30 +2] —6k)— (—%) (2i —47 +k)

_ 197 10- 118g
ot o T

Thus we can now write @ as the sum of two vectors, one parallel to d, the other perpendicular to d:

EL‘——EJ-F(EZ-FE#—ﬁE)
D) 21" T217 T ;1

22. Since a normal vector of the plane is 7 = —i + 2}' +k,an equation for the plane is

—zr4+2y+2=-1+2-042=1
—r+2y+z=1

23. Since the plane is normal to the vector 57 + j — 2k and passes through the point (0, 1, —1), an equation for the plane is

52 4+y—22=5-0+1-1+(-2)-(-1)=3
Sr+y—2z=3.

24. Since the plane is normal to the vector 2 — 3}' + 7k and passes through the point (1, —1, 2), an equation for the plane is

20 —3y+7z2=2-1-3-(-1)+7-2=19
20 — 3y + 7z = 19.

25. Two planes are parallel if their normal vectors are parallel. Since the plane 2z + 4y — 3z = 1 has normal vector
i = 2i +4j — 3k, the plane we are looking for has the same normal vector and passes through the point (1,0, —1).
Thus the plane we want has equation:

2 +4y—32=2-14+4-0+(=3)-(=1)=5

26. Two planes are parallel if their normal vectors are parallel. Since the plane 3z + y + z = 4 has normal vector 7 =
3 + j + k , the plane we are looking for has the same normal vector and passes through the point (—2, 3, 2). Thus, it
has the equation

x+y+2=3-(-2)+3+2=-1.
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27. (a) The plane can be written as 5x — 2y — z + 7 = 0, so the vector 5; — 2;’ — k is normal to the plane. The vector
Ai +j + 0.5k is parallel to 5¢ — 2j — k if one is a scalar multiple of the other. This occurs if the coefficients are

in proportion:

Solving gives A = —2.5.
(b) Substituting x = a + 1, y = a, 2 = a — 1 into the equation of the plane gives

a—1=5(a+1)—2a+7
a—1=5a+5—-2a+7
—13=2a
a = —6.5.
28. The plane cuts the z-axis where y = z = 0, so z = —3/5 = —0.6, giving the point
P =(-0.6,0,0)
Similarly, the plane cuts the y-axis where z = z = 0, so y = 3/4 = 0.75, so
Q = (0,0.75,0)
The plane cuts the z-axis at z = y = 0, so that z = 3, so
R =(0,0,3)
Now we have the three vertices of the triangle, P, (), and R. The vectors along the three sides of the triangle are
QP = —0.6i —0.755
RP = —0.6{ — 3k
QR = —0.75] + 3k
The lengths of the sides of the triangle are
|QP| = \/(~0.6)% + (—0.75)2 ~ 0.96
|RP|| = 1/(—0.6)2 4 (—3)% ~ 3.059
IQRI| = /(—0.75) + (3)2 ~ 3.092

The angle between the vectors ¥ and W is given by

DA D]
cos) = ———— so 6 = arccos (ﬁ> .
7 1l |l 7Nl I
Thus,
QP -RP )
Angle at P = arccos (7
IQP|IRP|
~ arecos (—0.67 —0.755) - (—0.67 —3k)\ _ srccos ( 0.36 )
- 0.96 - 3.059 - 0.96 - 3.059

~ arccos(0.123) ~ 83.0°.

_ QP-QR
Angle atQ = arccos (ncﬁwnm)

~ arecos (=067 —0.755) - (—=0.75] +3k)\ _ Arecos ( 0.5625 )
= 0.96 - 3.092 - 0.96 - 3.092

~ arccos(0.19) & 79.1°.

Now we use the fact that the angles of the triangle add up to 180°. Thus
Angle at R = 180° — (83.0° + 79.1°) ~ 17.9°.



29.

30.

31.
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The angle between two planes is equal to the angle between the normal vectors of the two planes. A normal vector to the
plane 5(z — 1) +3(y +2) + 22 =01is

i1 =5 +3j +2k,
and a normal vector to the plane z + 3(y — 1) +2(z +4) = 01is

fo=17 +3] +2k.

Since 71 - 7i 2 = |72 1||||7F 2| cos 6, then

1o (50 +3] +2k)- (i +35 +2k)

cosf = ————— =
72 1| 1]7 2] VB2 +32 + 22412 + 32 + 22
18
=_——_=0.78
V532

Hence, 0 ~ 38.7°.
We first find displacement vectors AB = (4—2) +(2—2)] +(1—-2)k =2i —k and AC = (2—2)i +(3—2)] +
(1—2)k =7 —k.Then

) = _AB-AC
|AB| || AC|
1

cos(£BA

T V52
= 0.3162.

Thus angle BAC is 71.57° (or 1.25 radians.)
See Figure 13.21. One way to find the angle at A is to find the angle between vectors AB and AC. Since AB = —17 — 7;’
and AC = —5i — 3j , we have

AB-AC

cos(/BAC) = ——————
( ) |AB| || AC|

= 0.6306.

Thus the angle at vertex A is 50.91°. Similarly, we see that the angle at vertex B is 53.13° and (since the angles of a
triangle add up to 180°) the angle at vertex C'is 75.96°.

Y
6
A
c 2
L e N e A B A e e R e S 7
—G—Ny 2 4 6
B
—4
-6

Figure 13.21
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32. (a) The points A, B and C' are shown in Figure 13.22.

Figure 13.22

First, we calculate the vectors which form the sides of this triangle:
AB = (47 +2] +k)— (2 +2] +2k)=2i — k

BC = (20 +3] +k)— (47 +2] +k)=-2i +]

AC = (20 +3] +k)— (21 +2] +2k)=7 — k

Now we calculate the lengths of each of the sides of the triangles:

IAB| = /22 + (-12 = 5

IBC| = /(=27 + 12 = V5

IAC| = /12 + (-1)? = V2

Thus the length of the shortest side of S is v/2.

AB.AC 2:040-14(—1)-(=1)
(b) cos /ZBAC = = =~ 0.32
I1AB) 1 AC)| vE-v2
33. We need to find the speed of the wind in the direction of the track. Looking at Figure 13.23, we see that we want the

component of & in the direction of ¥. We calculate

—

@ -7 (50 +7) (20 +65)

1 paranct]| = [0 ]| cos § = - = TAR
parete 17 127 + 67 ||
16
V40
<5
Therefore, the race results will not be disqualified.
Y Track
T =2 +6j
NS Wind
7 — 5‘.‘ s
0 w 1+ 7
€T

Figure 13.23
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34. Let the room be put in the coordinate system as shown in Figure 13.24.

B = (0,80, 25)

A =(0,0,25)

D = (200, 80, 0)

C = (200,0,0)

Figure 13.24

Then the vectors of the two strings are given by:
AD = (2007 + 805 + 0k ) — (07 +0j + 25k ) = 2007 + 80j — 25k
BC = (2007 + 0] + 0k ) — (07 + 805 + 25k ) = 200i — 805 — 25k .
Let the angle between AD and BC be 6. Then we have

AD - BC

IAD|| | BC|

200(200) + (80)(—80) + (—25)(—25)
/2002 4 802 + (—25)2,/(200)2 + (—80)2 + (—25)2
34225

T 47025
= 0.727804

35. The vector @ represents the averages of the exams, written as decimals. The vector W represents the weightings.
W-d =0.1-0.75+0.15-0.91+0.25-0.84 4+ 0.5 - 0.87 = 0.8565 = 85.65%

The dot product, 86.65%, represents the class average of the four exams in the course.
36. We have

P - ¢ = (1.00)(43) + (3.50)(57) + (4.00)(12) + (2.75)(78) + (5.00)(20) + (3.00)(35)
= 710 dollars.

The vendor took in $710 in from sales. The quantity p" - ¢’ represents the total revenue earned.

37. If ¥ and ¢ are two consumption vectors corresponding to points satisfying the same budget constraint, then
Pe3=k=p-7.

Therefore we have
Po@-§)=F-T 5§ =0

923

Thus ' and ¥ — ¢ are perpendicular; that is, the difference between two consumption vectors on the same budget

constraint is perpendicular to the price vector.
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38. (a) The geometric definition of the dot product says that
it - PoP = [|it |||| PoP| cos 6,

where 0 is the angle between 77 and PoP with0 < 0 < 7. To say that the dot product 77 - PoPis positive means that
the angle between 77 and PP is between 0 and 7 /2, and strictly less than 7 /2. Hence 7 and P, P are both pointing
to the same side of the plane. Thus, all the points satisfying 77 - PoP > 0 are on the same side of the plane, the side
which 77 points to. To say that the dot product is negative is to say that 7/2 < 6 < 7, and this means that PoP and
71 are pointing to opposite sides of the plane. Thus, all points satisfying 7 - ]‘30—1Tg < 0 are on the side of the plane
opposite to 77 .

(b) Suppose the normal vector is 7 = ai + bf +ck,let Py = (z0, Yo, 20) be a point in the plane and let P = (z, y, 2)
be a variable point. Then PoP = (x — 0)i + (y — %0)j + (z — z0)k . Then#i - PP > 0 means

a(lx —x0) +b(y —yo) + c(z — 2z0) >0

and 77 - PoI_D) < 0 means
a(x —x0) +b(y —yo) + c(z — z0) <0
If the equation of the plane is written ax + by + cz = d (with d = axo + byo + czo) then the inequalities become

ax +by+cz>d and ax+by+cz<d.

We test each of the points P = (—1,—1,1), Q@ = (—1,—1,—1) and R = (1, 1, 1), using the coordinate version of
the inequalities in part (b):

(c

~

P: 2. (-1)-3-(-1)4+4-1=5>4
Q: 2-(-1)—-3-(-1)+4-(-1)=-3<4
R: 2-1-3-144-1=3<4
Therefore () and R are on the same side of the plane as each other; P is on the other side.
39. Suppose v = v11 + va) +vsk and @ = wii + waj + wsk .

e Property 1:
We calculate both ¥ - w and & - ¥ using the algebraic definition of the dot product:

U W = viwi + vawa + vsws

W U = wiv1 + wave + w3vs

But since ordinary multiplication of scalars is commutative, viw; = wiv1 and so on. Therefore
v-w =w 7.

e Property 2:
First we observe that

MG = MNwii +w2j +wsk) = Aw)i + (Awa)] + Aws)k

M = A(v1i +v2) +v3k) = (Av1)i + (Ava)j + (Avs)k .

= (
Now we calculate the three quantities ¢ - (Aw ) and A(¢ - @ ) and (A7) - @

()\ ) -y o= ()\1)1)’11)1 + ()\’Uz)wg + ()\’1)3)11)3

Since ordinary multiplication is associative and commutative, we know that
v1 (Aw1) = Aviwi = (Avr)w: and so on. Thus, we have ¥ - (A ) = (A\) - 0.
In addition, the distributive property of ordinary multiplication tells us that

Aviwr + vawz + v3wz) = Aviw + Avaws + Avzws
Thus, we know that all three quantities are equal

TOMB) =A@ @) = (\T) @
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e Property 3:
First we observe that
T +d = (n —|—'LU1)Z + (v2 +w2)j + (v3 —|—w3)E.
Next we calculate the quantities ((7 + @ ) - @) and (¥ -4 + @ - @).
(U +@) -4 = (v1 +wi)ur + (v2 +w2)uz + (vs + ws)us
U -4 +W - U4 = (viur + vauz + vsuz) + (wiur + wauz + waus).

The distributive law of ordinary multiplication shows that (v1 + w1)u1 = vius + wiui, and so on. Thus, the dot
product is distributive also:
@+w)-d=0 -4+ -4

40. Property 2 says that multiplying one of the vectors by a scalar simply multiplies the dot product by the same scalar. If
A > 0, then when one vector is multiplied by A, the angle between the vectors does not change, but the length of one
vector, and hence the dot product, is multiplied by A. The result remains true when A < 0. For a justification in the case
when A < 0, see Problem 44 on page 926.

41. We want to show that (b - @)@ — (@ - &)b and & are perpendicular. We do this by taking their dot product:
((b-&)a—(@-ep)-é¢=0-c)a -c)—(@-&)b-c)=0.

Since the dot product is 0, the vectors (5 -¢)d —(a-c )5 and ¢ are perpendicular.

42, Since @ -wW =7 -, (€ —¥)-w = 0. This equality holds for any w0 , so we can take & = @ — ¥'. This gives
I —3|*= (@ —7) (@ -7)=0,
that is,
g -7 =o0.
This implies @ — ¥ = 0, thatis, @ = ¥.

43. If @ = 0, then both sides of the equation are zero. If @ # 0, write ¥ parallels W parallel, and (¥ + W )parailer for the
components of ¥, W, and ¥ + @ in the direction of @ . Then Figure 13.36 shows that

— - — -
VU parallel + w parallel = (U + w )parallel-

goa\. (@-a\. [(@F+w)a@).
T u + TS 5 u = TR — u.
(Iu Il2> <|u I"’) < 1@ 12 >

Thus, since & # 0, we deduce that

SO

44. Suppose 0 is the angle between ¢ and ¥ .

(a) By the definition of scalar multiplication, we know that —% is in the opposite direction of ¥/, so the angle between i
and —v is m — 6. (See Figure 13.25.) Hence,

i - (=) = [[@|||| - 7|l cos(m — 0)
= [[@ ||| ||(= cos )

= (@ 7)

S

A
\

Figure 13.25 Figure 13.26
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(b) If A < 0, the angle between @ and A¥ is ™ — 0, and so is the angle between A and ¥ . (See Figure 13.26.) So we
have,
@ - (M) = [|@ ||[|]A7]| cos(m — 0)
= [Alll@ [[[|7 [|(— cos )
=AZ|||T||(—cos @) since |A| = —A
= A|a ||[|']| cos &
=Xu -7)

By a similar argument, we have
(@) - T = ||A@[|[|T ]| cos(m — )
—All@ [[[|7'[|(— cos 0)

A@ - 7)

45. Let « and ¥ be the displacement vectors from C' to the other two vertices. Then

=u-uU—v-u-—u-Uv+v-U
2 2

= IIU 17 = 2llullllv]| cos C + [|7 ||
o2

— 2abcosC + b2

46. We substitute @ = u1i + ugj' + usk and by the result of Problem 43, we expand as follows:
(@ -7 )geom = (u1i +uzj +usk) -7
= (u1?) -7 + (u2j ) - T + (ushk) - 7
where all the dot products are defined geometrically By the result of Problem 44 we can write
(@ - ¥ )geom = w1 (i - ¥ )geom + u2(J + T )geom + us(k - ¥ )geom.

Now substitute 7 = v17 + vzf + vsk and expand, again using Problem 43 and the geometric definition of the dot

product:

(’lj . 'U)geom = U1 (; : (Ul; + Uzj +vs )) geom
+’LL2 (# (’UlZ + ’U2-7 + ’USE geom
geom

)
+us (k (017 +vaj +v3q))
7)o

eom T U1’l)3( )geom

)
)

= w01 (7 -1 )geom + urv2(7 -

+U2UI( 1 )geom + 'UJZIUQ(ﬂ 5
J

geom

)geom + U2U3(ﬂ E
-k

+uzvy (7/ 1 )geom + U3U2( )geom + USUB( geom

The geometric definition of the dot product shows that

i-i=7||li)lcos0O=1
> = ™
D7 = eos T =0,
Similarly j -7 =k -k =1andi -k =j -k = 0. Thus, the expression for (& - 7 ) scom becomes
(’lf . '17)geom = U1’U1(1) + u1v2(0) + u1v3(0)

+u2v1 (0) + ’LLQ’U2(1) + UQUS(O)
+uzv1(0) + usv2(0) + uzvs(1)

= u1v1 + u2v2 + u3v3.



13.4 SOLUTIONS 927

47. (a) Since q(t) = (¥ +tw0) - (¥ + ¢t ) = ||§ + 7 ||* and since the length of any vector is nonnegative, we must have

(b)

©

q(t) = |7+t > >0

for all real ¢.
Using the distributive law

qt) = (T +t8) - (T +t0) =0T -0 +t0 -7 +7 -t +t*0 -

= ||7]* +2(7 - )t + || ||’
If W # 0, then || || # 0 and ¢(¢) is quadratic in .
Since ¢(t) > 0, the quadratic has one repeated root or no roots, so the discriminant must be less than or equal to zero.

Thus,
(26 - @)* — 4|7 |I*|l@ ||* < 0.

Taking square roots, we have
|0 - | < [ ]|]| |-

If W = 0, then ¢(t) is no longer a quadratic. However, in that case,

|0 - @[ = 0= |7 ||| ||
so the inequality still holds.
Solutions for Section 13.4
Exercises
1.7 x@ =k x j = —i (remember i , j, k are unit vectors along the axes, and you must use the right hand rule.)
2. ¥ =—1i,and @ :j+/€
i ik
Txw=|-100|=j—k
011

ijk
Txw=|1111=-2+2j
11-1
20 — 37 +k,and@ =7 +2j — k
ik
Txw=[2-31|=i+4+3] +7k
12 -1

6. 7 =2 —j —k,andw = —6i +3] +3k

Txw=|2 —-1-1|=0{ +0j +0k =0.
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7.

[(+7)xT]x] =@ xi+] xi)x]
=0 —k)xj
=k xj
= xk=1i

8.

G+7)x @ xj)=0G+7)xk

=@ xk)+( xk)
—jHi=i-7

9. By the definition of cross product, 2 x (; + 5) is in the direction of & . The magnitude of it equals to the area of the
parallelogram which is

o N 2
123 1| - |17 +j||sin§:2\/§sin%:2\/§-\/7—=2‘

S02i x (i +J) = 2k . See Figure 13.27.

§\ k
i-J j
w& Y
7 i+J
x
Figure 13.27 Figure 13.28

10. By definition, (7 +j ) x (i — j ) is in the direction of —k . The magnitude is
I +71- 1 =T lsin T =v2-v2=2.

So (i 4+7)x (i —j)=—2k.See Figure 13.28.
11. We find that & x @ = —6i +7j + 8k and@ x ¥ = 6i —7j — 8k . Notice that

U xd =—(0 xT).
12.

i j ok

@axb=1{3 1-1
1-4 2
1-1|- 3-1|- 3 1|»

= T — J k

-4 2 1 2 14

= —2i —7j —13k.
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Since .

a-(@xb)=3-2)+(-7)—(-13)=0
and =
b-(@xb)=1(-2)—4(-T)+2(—13) =0,
@ xbis perpendicular to both @ and b.

13. We can form the displacement vectors @ = —7 +7 + 0k from (1,0,0) to (0,1,0) and b=—7 +07 + k from (1,0,0)
to (0,0,1). A normal vector to the plane is @ X b =1+ 7+ k. Using the point (1,0, 0), the plane can be written as
(z—1)4+y+z=00rz+y+2z=1.

14. The displacement vector from (3,4, 2) to (—2, 1,0) is:

@ =-5 —3j —2k.
The displacement vector from (3,4, 2) to (0,2, 1) is:
b=-3 —2j — k.
Therefore the vector normal to the plane is:
A=adxb=—i+j+k.
Using the first point, the equation of the plane can be written as:
—(z-3)+y—4)+(z—-2)=0.

The equation of the plane is thus:

—xr+y+z=23.
Problems
15. (a) Since ¥ - = ||¥||||wW || cos@and ||T x @ || = ||T]| || || sin 6,
tang = 00 _ 0 X T _3_ ¢
cos 6 U -w 5
(b) Then § = tan™*(0.6) = 0.540.
16. Since
|0 x @ || = [|7]| - [l | sin,
and
¥ = |7 ||| cos O,
SO )
17 x @) _ 7] sing _ o
AR [ - || || cos €
SO . . .
2 — 37 k
tan = W@ ~ 2.05.

17. Since ¥ x @ is perpendicular to both ¥ and w , we can conclude that ¥ X 4 is parallel to the z-axis.
18. (a) We first find two displacement vectors: AB = B—(-1)i +(2-3)] +(4 -0k = 47 —j + 4k and
AC =27 — 4; + 5k . The normal vector, 7 , to the plane is perpendicular to these two vectors, so we have

i = AB x AC = 117 —12] — 14k .

Using the normal vector, we see that the equation of the plane is 11z —12y—142z = d for some number d. Substituting
one of the points gives d = —47. Therefore, an equation for the plane is

11z — 12y — 14z = —A47.

(b) The area of the triangle is given by

Area = %HA_B) x AC| = %\/461 = 10.74.



930 Chapter Thirteen /SOLUTIONS

19. (a) If we let m in Figure 13.29 be the vector from point P to point ¢ and PR be the vector from P to R, then
PQ=—i +2k
PR =2 —k,
then the area of the parallelogram determined by m and PR is:

- - o

Area of gk
parallelogram = |PQ x PR| = || |-10 2 =135 || = 3.
2 0-1
Thus, the area of the triangle PQR is
Areaof \ 1 Area of 3 15
triangle | 2 parallelogram ) 2
z

Q= (_17 1, 2)

P =(0,1,0)

Figure 13.29

(b) Since 7 = P.Cé x PR is perpendicular to the plane PQ R, and from above, we have 1= = 3;, the equation of the
plane has the form 3y = C'. At the point (0, 1,0) we get 3 = C, therefore 3y = 3, i.e.,y = 1.

20. The normal vectors to the two planes are 77 1 = 47 — 3; +2k and i, =i + 5; — k. A vector parallel to the line of
intersection of the two planes is perpendicular to both these normal vectors, so

Vector parallel to line = 71 X 71 2 = —7i + 6;' + 23k .

21. The normal vectors to the planes are n7 = 27 — 35 + 5k and 11y = 4i + j — 3k . The line of intersection is
perpendicular to both normal vectors (picture the pages in a partially open book). Hence the vector we need is 1} X 13 =
41 + 265 + 14k .
22. The vector parallel to the line of intersection is 47 + 26} + 14k and this is normal to the desired plane. Therefore,
4x 4 26y + 14z = 0 is the equation of the plane.
23. We use the same normal vector 7i = 47 +26; + 14k and the point (4, 5, 6) to get 4(x —4) +26(y —5) +14(z — 6) = 0.
24. Normal vectors to the planes are
ﬁlzf—f—klz and ’52:2?4—;—2%4
The vector 771 X 72 is perpendicular to both planes and is normal to the plane we want:
ik
-1 1

1 =7 445 +3k.
2 1 -2

’ﬁ:1><’r_i2:

The plane through the origin with normal 71 X 72 is

r+ 4y + 3z =0.



13.4 SOLUTIONS 931

25. First let
@ =a1i +azj +ask b =bii +boj +bsk € =-cii +caj +c3k
i

sob +¢& = (b1 +c1)i + (b2 + cQ)f + (bs + C3)E . Now, using the general formula for cross products, we have:

@ x(b+¢)

= [a2(bs + c3) — az(b2 + 62)}7 + [az(by +c1) — ai(bs + Cs)ﬁ + [a1 (b2 + c2) — az(by + 61)]E

= (a2bs + azc3 — agbs — (1362); + (asb1 + azc1 — a1bs — (1163);
+(a1b2 + aica — azbr — 0201)/;

= (az2bs — a3b2)? + (azcs — a362)z + (asb1 — a1b3); + (agc1 — alc3);
+(aibe — azbl)E + (a1c2 — agc1)l;

= (a2bs — a3b2)f + (asbr — a1b3); + (a1be — a2b1)E + (agecs — a3C2); + (agc1 — 0183);
+(aic2 — agcl)l;

= (@ xb)+ (@ x7)

Thus,@ X (b +&)=a xb +a x¢.

26. Any vector ¥ that is perpendicular to both @ and b will have the property that its dot product with @ and b is 0, that is

a1x + a2y + azz = 0,
bix + bay + b3z = 0.

[T ST)
ST )

Multiply the first equation by by and the second by a1 and subtract to get

(braz — aib2)y + (bras —a1b3)z=0 or y= _(blas—_ale)Z (for byaz # a1b2)
(b1a2 — albz)

Multiply the second equation by a2 and the first by by and subtract to get

—(b2a3 — azbg)z

boai — asby)x + (bsas —agb3)z=0 or x=
(b2a1r — a2b1) (b2as — azbs3) (baar —asby)

So
7= —(bgag - agbg)Z; . (b1a3 — a1b3)z; + Z];; )
(b2a1 — a2b1) (b1a2 — a1b2)
Pick z = baa1 — bia2 and multiply out, and we see that the algebraic method of finding a cross product yields the same
result as our standard method.

27. (a) Figure 13.30 shows the vectors @, b ,and ¢ satisfying the conditions 0 < a2 < aj and 0 < b1 < bs.

Y
¢ = 7a2’_i‘ + alf
l; = blf —+ bg;
Height of . - .
parallelogram a =ait +azj
€T
Figure 13.30
(b) €-d@ = —aza1 4+ aras =0and & - & = a2 + a1? = ||@ ||*. Thus € is orthogonal (perpendicular) to @ and has the
same length as @ .
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(d) If 6 is the angle between @ and b and o is the angle between ¢ and b, then a = (5 —6). Thus cos o = sin 6, so

&5 =I5l cosax = @ |5 || sine.
Since ||@ || = Base of the parallelogram and
||b || sin & = Height of the parallelogram, we have

¢ -b = Base - Height = Area of the parallelogram formed by @ and b.
(e) By the right-hand rule, @ X b is in the direction of the positive z-axis. See Figure 13.31. Since we know that
Area of the parallelogram = ¢ - b = aibs — azbs.
the definition of @ x b tells us that
@ x b = (Area of Parallelogram)k = (¢ - b )k = (a1bs — ash1 )k .
Thus,

ST}

X 5 = (albz — agbl)];.

@ xb (parallel to E)

T

Figure 13.31: Cross product of two vectors in the xy-plane

28. If A = 0, then all three cross products are 0, since the cross product of the zero vector with any other vector is always 0.

If A > 0, then AU and ¥ are in the same direction and @ and A\w are in the same direction. Therefore the unit

normal vector 77 is the same in all three cases. In addition, the angles between A\Y and 0, and between ¢ and @, and
between v and A are all 6. Thus,

(M) x @ = ||V ||| || sin O7F
= A7 ||| || sin 07
=¥ x @)
= [[7[[[[\@ || sin 07
=70 x (AW)
If A < 0, then AU and U are in opposite directions, as are & and AW in opposite directions. Therefore if 7 is the

normal vector in the definition of ¥ x o, then the right-hand rule gives —7 for (A¥') X @ and ¥ x (AW ). In addition,
if the angle between ¥ and 0 is 6, then the angle between AU and & and between ¥ and A is (m — 6). Since if A < 0,

we have |A\| = =), so
(A7) x @ = [[M[|[|& || sin(7 — 6)(=77 )
= [Al[@[[[[@ || sin(x — 6) (=7 )
— |7 |1 | sin 6(—7)
= A7 1 | sin 67
=AU x @).
Similarly,
7 x (M) = [|7 ||| || sin( — 0) (=7 )

=A@ ||| [ sin 6(—77)

=AU x ).
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29. The quantities ’c’i (b xe )‘ and ’(c’i xb)-& ! both represent the volume of the same parallelepiped, namely that defined

by the three vectors @, b, and ¢, and therefore must be equal. Thus, the two triple products @ - (5 x ¢)and (@ X b )-C
must be equal except perhaps for their sign. In fact, both are positive if @, b, ¢ are right-handed and negative if @, b, ¢
are left-handed. This can be shown by drawing a picture:

c b

right-handed left-handed

oL

ST1

Figure 13.32

30. If 6 is the angle between @ and b, then
I > b1* = (|a 1|5 || sin6)*
= |la |}15 ||* sin® 0
= [l@|I*1b[|*(1 = cos® 6)
= @115 1> = 1@ [I*[15 ||* cos® 6

= la@lI*lo|* - @ - b)*.

31. Write ¥ and w in components and expand using the distributive property of the cross product.
U X W = (U1;—|—1}2; —|—’U3E) X (’LU1Z+IU2‘7 +1U3E)

:vlwlf Xz+'l}1'u)2; X; +vlw3; XE
+v2w15 XerUngj x; +vgw35 XE
+’U3’LU1E XZ+'L}3'LU2]€ X; +'U57_U,3E XE

i=0,ixj=Fk,ixk=—j,jxi=-k,jxj=0,jxFk=1i,kxi=

Now we use the fact that 7
= 0. Thus we have

X
j.k x5 =—i,k xk=0.

U X W = 6 —|—U1U}2E —|—U1w3(—j) +’U2’U_)1( E) —|—6 +1)2w3’; —|—1)3w1‘7 +1)3U12(—Z) +O

—

= (1)211)3 — ’Ug’wg); =+ (v3w1 — v1w3)j + (v1w2 — ’U2w1)k .

32. (a) Since € is perpendicularto @ x b, and since @ x b is normal to the plane containing @ and b , it follows that & must
be in the plane containing @ and b .
(b) Using the expression given in the problem for ¢, we get

@-c=d-(@x®bxa))
=(@xa) (b xa)
=0-(bxad)=0

and
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(c) Since ¢ lies in the plane containing @ and b, it is of the form & = zd@ + yg for some scalars x and y. Thus, using

—

the fact that @ - ¢ = 0 from part (b), we have
a-¢=a-(vd +yb)=2z|a@|*+y@-b)=0.

Similarly, using the fact that b - & = ||@ ||?||b ||> — (@ - b )? from part (b), we have

S o Loy 72 SN2NR N2 (= T2
b-¢=b-(zd +yb) =@ -b)+yllo|"=al"Ib]"—(a@ -b)".
Solving these two linear equations in z and y, we find z = —@ - b and y = @ |12

33. Problem 29 tells us that (@ x @) - =i - (§ x @ ). Using this result on the triple product of (@ + b) x & with any
vector d together with the fact that the dot product distributes over addition gives us:

[(@+b)xél-d=(@+b) - (xd)
=d - (¢ x cf) +5b - (¢ x (f) (dot product is distributive)
=@x&)-d+(bxe)d (using Problem 29 again)
=[@xé&) + (b xe)-d. (dot product is distributive)

—

So,since [(@ +b) x &]-d =[(@ x &)+ (b x &)]-d, then

—
=
ol
+
o
N
X
o
N
|
—
Ql
X
oL
N
|
—
S
X
oL
=
&y
Il
o

we get . .
(@ +b)x&—axé—bx&|°=0
and hence . .
(@+b)xé—(@axé)—(bxc)=0
Thus

34. The area vector for face OAB = %Z; X d.
The area vector for face OBC = %d’ X C.
The area vector for face OAC = %g X C.
The area vector for face ABC = %(l_)‘f[i) x (€ —a)
1- 1 - 1 1
§b xd’+55xb+§d ><5+§(b—d’)><(€—d’):
1Z;><”+1“><l;—&—1"><"+1(l;x”—l;><"—"><"—”><")—()
3 @+ 5¢ 50 X+ 5 c d—adXxZé—axa)=
Solutions for Chapter 13 Review.
Exercises
17420 =20 +3] —k +2( —j +2k)=47 +j +3k
2.30 -0 —0 =20 —@ =2(20 +3] —k)— (i —j +2k)=30 +7] —4k.
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10.
11.

12.

13.

SOLUTIONS to Review Problems for Chapter Thirteen

Tow =21 +3] —k)- (-] +2k)=2-1+3-(=1)+(-1)-2=—3.
ij ok

Tx@ =23 —1|=06-1)7 —@4+1)] +(-2-3)k =5i —5j —5k.
1-1 2

For any vector ¥, we have ¢/ X7 =0.
1T+ || =137 +2] +k||=v32+22+12 =14
Since 7 -1 =2-1+3(=1) + (—1)2 = —3, we have (7 - @ )7 = —6i — 9] + 3k .
We have U xﬁ:5775ff5l_{,so
P7F
(T x@)x @ =|5-5-5|=(—=10-5)7 —(1045)] + (=5 +5)k = —15i — 155 .
1-12

Since ¥ x @ is perpendicular to @, we have (¢ X W) - @ = 0.

The cross product of two parallel vectors is 0, so the cross product of any vector with itself is 0.
(a) Wehave ¥ - W :3-4+2-(73)+(_‘72)~1 =4.

(b) Wehave ¥ x @ = —41 — 115 — 17k .

(c) A vector of length 5 parallel to ¥/ is

B

7 = i(:’)? +2] —2k) =3.647 +2.43] —2.43k .

<y

(d) The angle between vectors ¥ and 0 is found using

3

7w 4
cosl = ———— = = 0.190,
[Tlll@ ] v17v/26
s0 6 = 79.0°.
(e) The component of vector ¥ in the direction of vector W is

v - 4
— = —— = 0.784.

@] 26

—

(f) The answer is any vector @ such that @ - ¥ = 0. One possible answer is 27 — 2} +k.
(g) A vector perpendicular to both is the cross product:

T ox W =—4i —115 — 17k .

Since ||2i + 37 — k|| = /22 + 32 + (—1)2 = /14, vectors of length 10 are
0 - - -
+—(2i +35 — k).
\/ﬁ( 7 —k)

We take the cross product of i+jandi —j — k and then make a unit vector parallel to the cross product.
i K
1 0 |=-7+7]—2.
-1 -1

Since || —7 +J —2k|| = \/(—1)2 + 12 + (—2)2 = 6, unit vectors are

i+ -2k

T

935
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14. We want a unit vector of the form ai + bf such that
(ai +b7)-(3i —2j)=3a—2b=0.

Let’s take @ = 2 and b = 3. Then the vector 27 + 35' is perpendicular to 37 — 25‘, but 27 + 35‘ is not a unit vector. Since
[|2¢ + 37 || = v/13, unit vectors are
i%+£.
V13

15. The vector &/ we want is shown in Figure 13.33, where the given vector is 7 = 47 + 3]’. The vectors ¥ and @ are the
same length and the two angles marked « are equal, so the two right triangles shown are congruent. Thus

a= -3 and b=4.

Therefore
wo=-3i +4j.
(a,b) Y
| (4,3)
(e
} . |
4| w . 1
\ v '3
} |
\
5 o -
3 4
Figure 13.33
Problems

16. (a) Weneed 67 + 85 + 3k = A(2i + (¢> + 2t + 1)7 + tk ) for some A. This gives

6 = 2\
8:(t2+§t+1)/\
3=1tA

From the first equation, we have A = 3. Substituting A = 3 into the third equation gives ¢ = 1. Check the second
equation, it says 8 = 8, if t = 1 and A = 3. So for ¢ = 1, the two vectors are parallel to each other.
(b) Similar to part (a), we need to solve

2=t
—4 =X
1=Xt-1)
From the first two equations we have A = —4 and ¢t = —%. Substituting this into the third equation gives 1 = 6.

Thus this system of equations has no solution, so the pair of vectors is not parallel to each other for any value of ¢.
(c) 2ti +tj +tk = %(62 + 35 + 3k ). For any t, the two vectors are parallel to each other.

17. (a) Since ¥ - = ||T||||W || cosO and ||T x @ || = ||T||||W || sin , we find
|7 x @ || = ||12i — 3] +4k || = /122 + (—3)2 + 42 = 13.
Then - oL
tang = 00 _ X138 oon
cos @ U W 8

(b) Then § = tan™*(1.625) = 1.019.
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18. @ = 47 + 6k (the coefficients of x, y, z are the same as the coefficients of i, f, and k )
19. If the planes are parallel, they have a common normal vector 77 . Rewrite the equation of the plane as 4x — 3y — z = —8
sothat @ =44 — 35 — k and the desired plane is 4(x — 0) — 3(y —0) — (z —0) =0 orda — 3y — z = 0.
20. (a) On the z-axis, y = z = 0, so bz = 21, giving x = 25—1 So the only such point is (%, 0,0).
(b) Other points are (0, —21, 0), and (0, 0, 3). There are many other possible answers.
(o) i = 57 — ; + 7k . It is the normal vector.
(d) The vector between two points in the plane is parallel to the plane. Using the points from part (b), the vector 3k —
(=217 ) = 215 + 3k is parallel to the plane.
21. Let 7 be the displacement vector m and let 7 2 be the displacement vector PR. Then

F1=(142)i4+B-2)J] +(-1-0k =3i +j —k,
Fo=(—442)7 +(2-2)] +(1 -0k =—2i +k,
ijk
FixFao=|31-1|=1—-(3-2)] +2k =i —j +2k.
—20 1

The area of the triangle = L [|71 x 75| = 33/1% + 12 + 22 = 8,
22. (a) The displacement vector AB lies in the plane and is given by

AB=(0-2)i + (1—-1)] +(3—0)k = —27 +3k.
Similarly, the displacement vector AC also lies in the plane,
AC=(1-2)i+(0-1)j+(1 -0k =—i —j +k.
(b) The vector 7 = AB x AC is perpendicular to both AB and AC and is therefore perpendicular to the plane.
ABx AC = (=20 +3k)x (=i —j +k)=3i =] +2k.
(c) The normal vector to the plane is 7 = 37 — 5 + 2k , so the equation is of the form
3r—y+2z=d.
Substituting, for example, x = 1,y = 0, z = 1 gives d = 5:
3z —y+2z2=>5.

23. (a) Since
PQ= (37 +5] +7k)— (i +2j +3k)=2i +3] +4k,
and
PR = (2 +55 +3k)— (i +2f +3k)=1i +37,
ijk
POxPR=1[234|=—-12 +4j + 3k,
130

which is a vector perpendicular to the plane containing P, () and R. Since
|PQ x PR|| = \/(—12)% + 42 + 32 = 13,

the unit vectors which are perpendicular to a plane containing P, @), and R are

or the unit vector pointing to the opposite direction,

2. 4- 3¢
13" 137 T 13"
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(b) The angle between PQ and PR is 0 for which
PQ- PR 2-14+3-3+4-0 11

9: = — ,
IPO|| - IPR| V22 +32+4 - VI2+32+02 290

SO

11
0 =cos ' (——=) ~ 49.76°.
ol
(c) The area of triangle PQR = L ||PQ x PR|| = 1.
(d) Let d be the distance from R to the line through P and @ (see Figure 13.34), then

1 1
§d~ |PQ|| = the area of A PQR = 73
Therefore,
S 13 13 13
123 22132442 29

Q

R
Figure 13.34

24. Find an arbitrary point on the plane 2z + 4y — z = —1, say A = (0,0, 1). The normal 7 to the plane at B is i =
20 +4j —k and PA = —27 +j — 2k . See Figure 13.35.

P

Figure 13.35

So the distance d from the point P to the plane is
d=||PB| = ||[PA| cos
_PA-@
—al
(=20 +F —2k)- (27 +4] — k)

since PA - i = ||PA||||f || cos 6)

N



SOLUTIONS to Review Problems for Chapter Thirteen 939

25. The displacement from (1,1,1) to (1,4,5) is

—

=01 -1)7 +@4-1)7 +06-1)k =37 +4k.
The displacement from (—3, —2,0) to (1,4, 5) is

—

7 = (1+3)7 +(4+2)7 +(5—-0)k =47 +6] +5k.

A normal vector is

ik
=11 xr =]034|=(5-24)i —(—16)] + (—12)k = —9i + 16] — 12k .
465

The equation of the plane is

—9r+ 16y —122=-9-14+16-1-12-1= -5
9x — 16y + 12z = 5.

We pick a point A on the plane, A = (g, 0,0) and let P = (0,0, 0). (See Figure 13.36.) Then PA = (5/9);

P

Figure 13.36

So the distance d from the point P to the plane is

d = ||PB| = ||PA|| cos6

= IT%'”” since PA - 7i = || PA|||| || cos 0)
| (B (=97 + 165 —12k)
B V92 167 4 122
5
= — =0.23.
V481

26. Suppose i represents the velocity of the plane relative to the air and & represents the velocity of the wind. We can add
these two vectors by adding their components. Suppose north is in the y-direction and east is the x-direction. The vector
representing the airplane’s velocity makes an angle of 45° with north; the components of @ are

@ = 700sin45% + 700 cos45°] ~ 495i + 4957 .

Since the wind is blowing from the west, W = 607 . By adding these we get a resultant vector ¥ = 5551 -+ 495;. The
direction relative to the north is the angle # shown in Figure 13.37 given by

1T _1 955
0=t 1——t 1299
an an

~ 48.3°
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The magnitude of the velocity is

|17 || = /4952 + 5552 = /553,050

= 744 km/hr.
N
455/ 7
4 |
4 |
/ I
- 7/
u 4 |
il 1y
7/ |
4 |
/
g I
/
0 L I
0o 7 E
b x !

Figure 13.37: Note that 6 is the angle between north and the vector ¥

27. (a) Let x-axis be the East direction and y-axis be the North direction. From Figure 13.38,
0 = sin~'(4/5) = 53.1°.

That is, he should steer at 53.1° east of south.

Y
5 km/hr
Steering direction
‘ T
4 km/hr
Figure 13.38
(b)
0
5 km/hr
N
10 km/hr v
R T
R T
A
4 km/hr

Figure 13.39

Let B be the resultant of the wind and river velocities, that is
R = —4i + (10 cos(%)? + 10 cos(%)j)
(=4 +5V2)i +5V25.
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From Figure 13.39, we see that to get the the x-component of his rowing velocity and the z-component of R to
cancel each other, we must have

5sinf = —4 + 5v/2

0 = sin~! <4%5‘/§> = 37.9°.

However for this value of 6, the y-component of the velocity is
5v/2 — 5¢0s(37.9°) = 3.1.

Since the y-component is positive, the man will not move across the river in a southward direction.

28. The speed of the particle before impact is v, so the speed after impact is 0.8v. If we consider the barrier as being along
the x-axis (see Figure 13.40), then the 7 -component is 0.8v cos 60° = 0.8v(0.5) = 0.4v.
Similarly, the 7 -component is 0.8v sin 60° = 0.8v(0.8660) ~ 0.7v. Thus

¥ after = 0-4v7 + 0.70] .

Y

0l before|

|

\

\

\

\
v sin 60° }

} 0.8v sin 60°

\

\

\

|

|
|
|
|
|
VU after }
|
|
|
I

60° 60°

x

vcos60°  0.8vcos 60=O
Figure 13.40

29. (a) 500 km/hr in the west direction, so & = —5004 .
(b) While traveling at constant altitude, the plane travels 250 km westward. Thus the coordinates of the point where the
plane begins to descend are (550, 60, 4) — (250, 0,0) = (300, 60, 4).
(¢) The vector from the plane to the airport at the time it begins its descent is (2007 + 105 ) — (3007 + 605 + 4k ) =
—100i — 50; — 4k . Velocity is a vector of length 200 km/hr in the direction of —1007 — 503 — 4k . Since

-

V/(=100)2 + (—50)2 + (—4)2 ~ 111.9, a unit vector in the direction of descent is — 120%7 — 12257 — 3-k.
Thus

100 50 - 4
111.9° 11197 ~ 111.9

30. (a) The displacement vector of the moon relative to the earth is

Velocity vector = 200( k ) = —178.77 —89.4] — 7.2k .
7 = 3847 .
The displacement vector of the spaceship relative to the earth is
¥ = 2807 + 907 .
The displacement vector of the spaceship relative to the moon is
¥, =15 — 7 = —1047 + 907 .

See Figure 13.41.
(b) Distance of spaceship from Earth = ||7% || = v/2802 + 902 = /86500 = 294.109 thousand km.

Distance of spaceship from the moon = ||, || = 4/(—104)2 + 902 = /18916 = 137.535 thousand km.
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(c) See Figure 13.41. The gravitational force of the earth, e , is parallel to 7z but of length 461 and in the opposite

direction: 461
Fp= 2800 + 907 ) = —438.885i — 141.070; .

" /156500 7) !

The gravitational force of the moon, Fr.is parallel to 77, but of length 26 and in the opposite direction:
26 - -

Fr = ( 1047 + 905 ) = 19.6607 — 17.041] .

The resulting force, Fis
F =Fp + F, = 419.225i — 158.0847 .

Spacecraft

Earth

Figure 13.41

31. Let R be the resultant force, and let £ 1 and F 5 be the forces exerted by the larger and smaller tugs. See Figure 13.42.

Then ||F || = 3 ||F2 || The y components of the vectors F' 1 and F' 5 must cancel each other in order to ensure that the
ship travels due east, hence

| 1| sin30° = |IF || sin®,
S0 5
ZHFZ || sin30° = || F> || sin 6,

E .3 _ 5 _ ain—15 o
giving sinf = ¢, and hence § = sin™ " g = 38.7°.

N ¥
ﬁ \\ I L
! AN x
N
N
_ N

300 R \\\
0 ///”
ﬁ2 ///

Figure 13.42

32. Let the z-axis point east and the y-axis point north. We use C,W,and E to represent the current, wind, and engine

vectors, respectively. We resolve the current and wind velocity vectors into components. Since the current points 25°
north of east with a speed of 12, we have

C =12c0s(25°)i + 12sin (25°)] = 10.8767 + 5.0715 .

Since C' lies in the first quadrant, both coefficients are positive.
The wind points 80° south of east with a speed of 7 km/hr, so we have

W = 7cos(80°)7 — 7sin (80°)] = 1.2167 — 6.894] .
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Since W lies in the fourth quadrant, the coefficient of 7is positive and the coefficient of j is negative.
The combined velocity on the boat is due east at a speed of 40 km/hr, so we want
C+W +E =40i.
We solve for E
E =40i —(C +W)

= 407 — ((10.876i +5.071] ) + (1.216i — 6.8945))

=407 — (12.0927 — 1.8237)

= 27.9087 + 1.823; .
The engine should push the boat with a speed of ||E | = +v/27.908% + 1.8232 = 27.97 km/hr, and in direction
arctan(1.823/27.908) = 3.74° north of east.

Let the z-axis point east and the y-axis point north. Denote the forces exerted by Charlie, Sam and Alice by F C, F gand
F' 4 (see Figure 13.43).

Y
437" Fr
- 62 S
Fo N
¢
Fy
Figure 13.43

Since || F* ¢|| = 175 newtons and the angle 6 from the z-axis to F ¢ is 90° 4 62° = 152°, we have
F ¢ = 175c0s152°7 + 175sin152°] ~ —154.52 + 82.16] .
Similarly,
F s =200cos47°7 + 200sin47°] ~ 136.47 + 146.277 .

Now Alice is to counterbalance Sam and Charlie, so the resultant force of the three forces F c, F s and F 4 must be 0,
that is,
Fec+Fs+Fa=0.

Thus, we have

F 4= —ﬁc — ﬁs

—(—154.527 +82.165 ) — (136.47 + 146.27] )
= 18.127 — 228.43j

1%

F 4|l = \/18.122 + (—228.43)% & 229.15 newtons.
If ¢ is the angle from the z-axis to F' 4, then

and,

—228.43

810 ~ —85.5".

¢ = arctan
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34. (a) Since the radius of the circle is 1 meter, the circumference is 27 meters. Thus, the object is moving at 27 me-
ters/minute, or 7/30 meters/second ~ 0.11 meters/second.

(b) 30 seconds after passing the point (0, 1), the object is at the point (—1,0). (Since it completes 1 revolution each
minute, it will move 7 radians in 30 seconds.) This is true regardless of whether the point is moving clockwise
or counterclockwise. However, since the velocity vector, ¥/, is tangential to the curve in the direction of motion, it
will have an opposite sign if the motion is in the opposite direction. So, moving clockwise v = 2775‘, and moving
counterclockwise v = —2#5, if the speed is measured in meters/minute.

35. The speed is a scalar which equals 30 times the circumference of the circle per minute. So it is a constant. The velocity is a
vector. Since the direction of the motion changes all the time, the velocity is not constant. This implies that the acceleration
is nonzero.

36. Let¥ = vyl + vyf + v.k be the vector. We will use the properties given in the problem to find v, vy, and v,. If U has
magnitude 10, then |7 || = 10.
If ¥ makes an angle of 45° with the z-axis, then its x-component, v, is given by:

Ve =7 -7 = ||7| cos45° = 10 (?) = 7.0710.

Similarly, if ¢ makes a 75° angle with the y-axis, then its y-component, vy, is given by:
vy =T -] =||7] cos75° = 10(0.25882) = 2.5882.
We now have two components of ¥':
T =7.0710i + 2.5882] + v.k .
We only need to find v,. To do this we use the fact that V& - ¥ = |7 || = 10.
v ¥ =100
vi—&—vi—!—vg = 100
v = 100—1}2—1}5
i =+ 100 — v2 —v2
v, = £6.580
Since the problem tells us that the k -component is positive, v, = +6.580. Thus

¥ = 7.0710i + 2.5882] + 6.580k .

37. (a) z
Q@ fr~~_
\
d / \\
v
J /S \
% \
\
v \
/’ B \
/, Q \\S
T,/ n y
X
Figure 13.44

Suppose ¥ = OP asin Figure 13.44. The i component of OP is the projection of OP on the z-axis:

07 = ’UCOSCM;.
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Similarly, the ; and k components of OP are the projections of OP on the y-axis and the z-axis respectively. So:

945
(ﬁ:vcosﬁf
0Q = vcosvk
Since ¥/ :0_7)“+O?+O.CQ),wehave
¥ =vcosai + vcosB) +vcos'yE.
(b) Since
V2 =77 = (veosai +vcosB) +vcosyk ) -
(vcosozf + vcos 87 —i—vcos'yE)
2
)

= v?(cos® o + cos® 3 + cos® )

cos® a + cos® B+ cos®y = 1.

38. In Figure 13.45, let [; be a line with direction vector v7 passing through P;. Let 2 be a line with direction vector v
passing through P». Lines [, and > are skew if they are not parallel and do not intersect.

Py

v2

Figure 13.45

If we draw a line I3 parallel to {1, i.e., with a direction vector v1, passing through P», as shown in Figure 13.46, then
l2 and [3 determine a plane that is parallel to :

Py
—H— I

V1

St

\
\
\
\
\
\
\
\
\
\
\
\

\
\

Figure 13.46
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The minimum distance between [; and 2 is equal to the distance of [; to the plane. So it is equal to the projection of
P, P; in the direction of the normal vector of the plane. The unit normal vector is given by:
_ T 1 X v 2
171 x ¥ ||’
so the component of P; P; in the direction of 77 is:

- -
—_ — V1 XVg2

PPt =P P

Thus the minimum distance between [; and [5 is:

|P1P2 . (171 X '172)|

|71 % T 2|

CAS Challenge Problems

39. (@ xb)-=0,G xb)x(@xé&) =0
Since € is the sum of a scalar multiple of @ and a scalar multiple of b, it lies in the plane containing @ and b.On
the other hand, @ x b is perpendicular to this plane, so @ X b is perpendicular to €. Therefore, (@ X b )- ¢ = 0. Also,
@ x € is also perpendicular to the plane, thus parallel to @ x b, and thus (@ x b) x (@ x &) =0.

40. The first parallelepiped has volume
(@ xb)-C|=|ywr — var + zus — zws + zot — yut|.

The second has volume |(@ x b) - (2@ — b + )|, which also simplifies to |[ywr — vzr + zus — zws + zvt — yut|.
Both parallelepipeds have base with edges @ and b. The third edge of the first one is ¢ and the third edge of the second
oneis @ + 2@ — b. Thus the top face of the second parallelepiped is obtained by shifting the top face of the first by
2@ — b . Since this is parallel to the base, the second parallelepiped has the same altitude as the first. Since the volume of
a parallelepiped is product of the area of its base with its height, the two parallelepipeds have the same volume.

41. (a) From the geometric definition of the dot product, we have

cosf — l@-b| 10
lale)  v14v9

Using sin? § = 1 — cos? 0, we get
z+2y+32=0
20 +y+22=0

T . 100
o* +y’ 425 =@ 7[b|F (1 — cos” 0) = (14)(9) (1_m>

Solving these equations we get z = —1,y = —4,z =3 orx = 1,y = 4,and z = —3. Thus ¢ = —i — 45 + 3k
0r6:;+4f —3k.

(b) @ x b =i+ 4} — 3k . This is the same as one of the answers in part (a). The conditions in part (a) ensured that
¢ is perpendicular to @ and b and that it has magnitude ||@ ||| ||| sin 6]. The cross product is the solution that, in
addition, satisfies the right-hand rule.

42. (a) We have
IAB|| = [|27]| =2
IAC) = |7 + V37 || = vVI+3=2
IAD|| = |7 + (1/v/3)] +2v/2/3k || = \/1+ (1/3) + (8/3) = VA =2
IBC| =1 -7 + V35| =vIta=2
IBD| = || =7 + (1/v3)] +2/2/3k || = \/1+ (1/3) + (8/3) = VA =2
ICD = 1(1/V3 = V3)] +2/2/3k) = /(1/3—2+3) +8/3=Vd=2

Thus all the points are 2 units apart.
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(b) By solving the equations
P4y 4= -2y 2
Ay + = (- 1)+ (y— V32 + 27
x2+y2+22:(m—1) (y—l/\/_ +(z—24/2/

we get P = (1,1//3,/6/6).
(c) The cosine of the angle AP B is 1/3 and the angle is 109.471°.
43. (a) m x PRis perpendicular to the plane containing P, @), R, and therefore parallel to the normal vector ai + bj +ck .
(b)
PQ x PR = (tv — sw — ty 4+ wy + sz — vz)i +
(—tu +rw + tz — wr — rz 4+ uz)j + (su—1v — sz +vx + 1Y — UY)k

(c) After substituting z = (d — ax — by)/c, w = (d — au — bv) /¢, t = (d — ar — bs) /c into the result of part (a), and
simplifying the expression, we obtain:

PO x PR — a(s(u—w)+vx—cuy+r(—v+y));+
b(s(u — ) +vx—cuy+r(—v+y))j + (s(u— ) + vz — uy + r(—v +y))k

_ (lu—2) e —C“y“(—“*y))(az 1 0] + k).

Thus PQ x PR is a scalar multiple of ai + bj + ck , and hence parallel to it.

CHECK YOUR UNDERSTANDING

1. False. There are exactly two unit Vectors one in the same direction as ¥ and the other in the opposite direction. Explicitly,

H“ll
2. False. The length of this vector is y/1/3 + 1/3 +4/3 = v/2, not 1.

3. True. Multiplying by a scalar greater than one stretches the length of the vector by the scalar.

the unit vectors parallel to ¥ are +—

4. False. If ¥ and W are not parallel, the three vectors U, w/ and ¥ 4 w can be thought of as three sides of a triangle. (If
the tail of « is placed at the head of ¥, then ¥ + w0 is a vector from the tail of ¥ to the head of 0 .) The length of one
side of a triangle is less than the sum of the lengths of the other two sides. Alternatively, a counterexample is ¥ = ¢ and
W =j.Then |7 +j || = v2but i || + 7 ]| = 2.

5. False. If ¥ and W are not parallel, the three vectors U, @/ and ¥ — w can be thought of as three sides of a triangle. (If
the tails of ¥ and @ are placed together, then ¥ — w is a vector from the head of i/ to the head of ¥'.) The length of one
side of a triangle is less than the sum of the lengths of the other two sides. Alternatively, a counterexample is ¥ = ¢ and
W =j.Then || —j || = v2but [[i || — 7]l =0.

6. False. Two vectors are parallel if and only if one is a nonzero scalar multiple of the other. If c(z - 25‘ +k )= 27 —f +k,
then ¢ = 2 so that the 7 components are equal but multlphcatlon by 2 does not make the ] ork components equal. Thus,
there is no scalar multiple of ¢ — 2] + k thatis equal to 20 — 7+ k.

7. False. As a counterexample, take 3¢ and —i . Then the sum is 27 which has magnitude 2 (smaller than |37 || = 3).

8. False. Since magnitudes are nonnegative this cannot be true when ¢ < 0. The correct statement is Hc{f I =lelllv]]-

9. False. To find the dlsplacement vector from (1,1,1) 0 (1,2,3) we subtract 7 + j + k from i + 2j + 3k to get
1-1)i+2-1)j+B-1k =7 +2k.
10. False. The displacement vector from (a, b) to (¢, d) has the same magnitude but opposite direction as the displacement
vector from (¢, d) to (a, b).

11. False. The dot product is a scalar.
12. True. Components of a normal vector can be read directly from coefficients of =, y and z in the equation for a plane.

13. True. The cosine of the angle between the vectors is negative when the angle is between 7/2 and 7.
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. False. The equation z = x + y has normal i+ ] — k , which is not parallel to i+ j + k. An equation satisfying the
given conditions is * + y + z = 6.

True. The vector from (0, 1,0) to (1,1,0) is 7, while the vector from (0, 1,0) to (0,1,1)is ¥, and i - k = 0.
True. @ - @ = ||77||?, which cannot be negative.
False. If the vectors are nonzero and perpendicular, the dot product will be zero (e.g. i- ; =0).

False. If v and w are different vectors, but both are perpendicular to « , then both ¢ - ¥ and ¥ - W are zero, yet ¥ # 0 .
For example, take @ = 4,7 =7 and W = k.

True. Using the distributive property, and the fact that & - (—¥ ) = —@ - ¥/, we have

(@ +0)- (@ —0)=i @ +ad -(-0)+0 -4 -7 -7 =]’ |5]

True. This vector is o’ the component of ' perpendicular to the unit vector 4 . To check, calculate the dot product
erp

@ (0 — (@ -0)i)=a 7@ -q) @ d)=10 7 -7 -4 =0,

since @ - = ||@]|* = 1.
True. The cross product yields a vector.
False. @ x ¥ has direction perpendicular to both @ and ¥/ .

False. This is only true when @ and ¥ are perpendicular. In general, ||@ x ¥ || = || ||||¥]|| sin @, where 6 is the angle
between @ and ¥ . The value of |@ x ¥|| is the area of the parallelogram with sides @ and ¥/ .

True. The left-hand side evaluates to k - k& = 1, while the right-hand side evaluates to i-i=

1.
False. If @ and & are two different vectors both of which are parallel to 7, then ¥ x @ =¥ x @ = 0,but @ # @ . A
counterexample is ¥ =¢,4 = 2¢ and W = 3¢.
True. Since (¥ X ) is perpendicular to ¥/, the dot product with ¥ is zero.
True. The cross product is a vector in 3-space, while the dot product is a scalar, so they cannot be equal.
True. The cross product (7 4 j ) x (j + 2k ) = 2i —2j + k , which has magnitude /22 + (—2)2 + 12 = 3. Since the
triangle has area of 1/2 the parallelogram with the given vectors as sides, the triangle has area 3/2.
True. Any vector @ that is parallel to @ will give ¥ x @ = 0.

False. It is not true in general, but there are special cases when ¥ X @ = @ X ¥ . For example, when ¥ is parallel to 0/,
or when one of the vectors is 0 . In either case the cross products v X @ and @ X ¥ are both the zero vector.

PROJECTS FOR CHAPTER THIRTEEN

1.

(a) Letr = ||@ || and s = ||b |, and let o, 3, be the angles between @, b, and the z-axis as shown in the figure.

Suppose 6 is the angle between @ and b. We drew the figure with & < § and thus 6 — a = 0. If o > (3,
then o — 3 = 6. In both cases we know that

Area of parallelogram = ||@||||b || sin 6.

Using the formula
sin(8 — «) = sin B cosa — cos @sin v,

and the fact that a; = r cos«, as = rsina, by = scos 3, and by = ssin 3, we get

a1by — asby = (reosa)(ssin B) — (rsina)(scos f)

rs(cos asin 8 — sin « cos 3)

rs Sin(ﬁ — O[) (from sin(8 — «) = sin B cos a — cos B sin @)

@[5 || sin(8 — )

If 6> «a,wehave 0 —a =0, so

aby — agby = ||@||[|b || sin @ = Area of parallelogram.



(b)

(c)

2. (a)

(b)
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If 6 < a,wehave a — 3 =0, so
latbs — asby| = [|@ ||]|6]]| sin(8 — «)| = ||@||||b || sin @ = Area of parallelogram.

The sign of a1bs — asb; is the same as the sign of § — «, so the sign of a1bs — asb; tells us whether the
rotation from @ to b is counterclockwise (then a1by — asgb; is positive) or clockwise (then a1by — asby is
negative).
Part (a) tells us that

Area of the parallelogram = |a;by — agby|.

The algebraic definition of the cross product is

—

a xb = (albg — agbl)];".

The geometric definition has magnitude given by ||@ X b || = Area of parallelogram. So the magnitude
of the algebraic definition agrees with the magnitude of the geometric definition. To check agreement of
the direction of @ x b for the two definitions, we notice that (a;bs — agbl)k is perpendicular to @ and
b since @ and b are in the 7 J -plane. Also, part (b) says (a1bs — agbl)k will point up (down) when the
rotation from @ to b is counterclockwise (clockwise). So the direction of the algebraic definition obeys
the right-hand rule.

We have

1@ 2]l = v/0.102 4 0.082 + 0.122 + 0.692 = 0.7120
1@ 5]l = v/0.202 4 0.062 + 0.062 + 0.662 = 0.6948
1@ 4]l = v/0.222 4+ 0.002 + 0.202 + 0.572 = 0.6429

2-d3=0.10-0.20 4+ 0.08 - 0.06 4 0.12 - 0.06 + 0.69 - 0.66 = 0.4874
3-d4=0.20-0.22+40.06 - 0.00 4+ 0.06 - 0.20 + 0.66 - 0.57 = 0.4322

a
a

The distance between the English and the Bantus is given by 6 where

do-d3 0.4874
cosl = ———— = ~ 0.9852
[@2lll@s]l — (0.7120)(0.6948)
s0 0 =~ 9.9°.
The distance between the English and the Koreans is given by ¢ where
d3-d 0.4322
cosp= =2 T4 ~ 0.9676

I@sl[@a] — (0.6948)(0.6429)

so ¢ ~ 14.6°. Hence the English are genetically closer to the Bantus than to the Koreans.
Let @ 5 be the 4-vector for the half Eskimo, half Bantu population. So

1 1
Q5= g1+ 52 = (0.195,0.04,0.075,0.68).

Then

1@ 5] = /0.195% + 0.042 + 0.0752 + 0.682 = 0.7125,
dz-ds=0.20-0.195+0.06 - 0.04 + 0.06 - 0.075 + 0.66 - 0.68 = 0.4947.
So the distance between the English population and the half Eskimo, half Bantu population is
as-ds 0.4947

0 = arccos ————— = arccos ———————————
lasllllas| (0.6948)(0.7125)

= arccos 0.9993 ~ 2.1°.

Since 2.1 < 9.9, the English are closer to the Bantu/Eskimo mix than to the Bantu alone.
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(c) Suppose that z is the fraction of the population that is Eskimo, where 0 < z < 1. Then (1 — z) is the
fraction that is Bantu. (For example, x = 0.5, in part (b).) Let d ¢ be the 4-vector for a population that is x
Eskimo and (1 — z) Bantu. We have

de :.13514—(1—%‘)52 :§2+$(dl —62)
= (0.10 4 0.192,0.08 — 0.082,0.12 — 0.09x,0.69 — 0.0233).

Then

l@sll = v/(0.10 + 0.192)2 + (0.08 — 0.08x)2 + (0.12 — 0.09x)2 + (0.69 — 0.02x)2
= v/0.5069 — 0.0242 + 0.051x2

and

@5 dg=0.20-(0.10 +0.19z) + 0.06 - (0.08 — 0.08z)
40.06 - (0.12 — 0.092) + 0.66 - (0.69 — 0.02z)
= 0.4874 + 0.0146.
dsy-dg

Since cos f is a decreasing function of € for 0 < 6 < 7, to minimize the angle § = arccos @sllael’
a sil||ae

we
must maximize
i) Gs-dg 0.4874 + 0.0146z
T) = —— = .
l@sllll@sll  0.6948v/0.5069 — 0.024x + 0.05122

Using a calculator or computer, we find that the maximum of this function for 0 < x < 1is

£(0.5293) = 0.9994.

So the minimum distance of § = arccos(0.9994) = 2.0° occurs at a mix of about 52.93% Eskimo and
47.07% Bantu.



