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ABSTRACT. In this paper we introduce foundational techniques and prove the following: If
X is a Z¢ subshift without periodic points, if Y is a Z? square mixing SFT containing a
finite orbit and if there exists a homomorphism X—Y, then X embeds into Y if and only
if h(X) < h(Y). For the proof, clopen markers are used to generate Voronoi tiles whose
thickened boundaries are coded using the homomorphism. The entropy gap and the square
mixing permit the construction of an injective code on the tile interiors. A sequel will show
72 square filling mixing shifts of finite type are square mixing and that homomorphisms
exist, resulting in an extension of Krieger’s Embedding Theorem to Z? subshifts.
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1. INTRODUCTION

The theory of Z subshifts of finite type (SFTs) is a rich, well understood theory with
many applications [LM, DGS, Bow]. It has developed in parallel with ergodic theory and
there have been frequent connections, such as, for example, the Jewett-Krieger Theorem.
A key to such ergodic theory applications is the diverse collection of subsystems found in a
mixing SF'T of positive entropy. This diversity is demonstrated in the Krieger Embedding
Theorem [Kr| which states that given the necessary conditions on entropy and periodic
points, any subshift can be embedded in a mixing SF'T. Because it so effectively captures
the subshifts embeddable in a mixing SFT, Krieger’s Embedding Theorem is a cornerstone
in the coding theory of Z SFTs where it finds application in the construction of factor
maps [Boy] and automorphisms [BF, KRW] and even has applications in the theory of
non-negative matrices [BH].

Because all Z mixing subshifts of finite type (containing more than one point) have
roughly the same structure of subsystems, equilibrium states and lower entropy factors,
the mixing SFTs have proven to be a very effective point from which to view Z subshifts.
However such a viewpoint has not been located for Z? SFTs for d > 2, though there are
certainly positions offering stunning vistas such as the class of algebraic actions on compact
abelian groups (see e.g. [S]) or the work on two dimensional tiling systems (see e.g. [Ra]).
Unfortunately, despite the rich and intricate landscapes displayed in these views, they do
not offer the sort of panoramic perspective provided by Z mixing SFTs.

This is the first in a series of papers which develops a theory of coding for a class of Z2
SFTs that is similar to the theory available for Z mixing SFTs. While it may be some time
before the appropriate class of target subshifts is precisely determined, a recent example of
Sahin and Quas [QS] indicates that it is not the mixing SFTs; they exhibit a Z? mixing
SFT X and € > 0 which contains no proper square mixing SFTs whose entropy exceeds

h(X) —e.
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We begin by addressing the case where the domain is a non-periodic subshift. The first
two papers will address the construction of homomorphisms and embeddings from non-
periodic subshifts, and will prove an extension of Krieger’s Embedding Theorem which takes
non-periodic subshifts as the domain (later papers will extend this to arbitrary subshifts).
We stress, the non-periodic subshifts are not an isolated class of subshifts. By generalizing
the Jewett-Krieger Theorem, A. Rosenthal [Ro] has shown that every free ergodic measure
preserving Z? action on a Lebesgue space is measurably isomorphic to a strictly ergodic Z?
subshift providing us with an immense supply of non-periodic Z? subshifts. Moreover, this
restriction of the domain to non-periodic subshifts is not merely an academic exercise but
in fact will develop foundational techniques necessary for the general situation.

To state the results of the first paper let A,, = {(21,..,24) € Z¢ : |z;| < n}. A Z¢ subshift
Z is said to be square mixing (SM) if there exists a k > 0 such that for n > 0 and any
pair z,y € Z there exists z € Z such that Z‘An = y‘An and Z‘Zd\AHk = x‘Zd\AnM. We
prove the following result: If X is a non-periodic Z¢ subshift, Z is a Z¢ square mixing SFT
which contains a finite orbit and there exists a homomorphism X —Z, then there exists an
embedding X «— Z if and only if h(X) < h(Z), where h denotes the Z? entropy.

In a second paper [L] the construction of homomorphisms X —Z will be discussed. This
is a more delicate and difficult construction; it will be necessary to suppose Z is a Z? square
filling mixing SFT. Roughly speaking, a SFT is square filling if a word which is locally
allowed on a square annulus may be filled in. (See [L] for a precise definition.) It will be
shown that a square filling mixing SFT is square mixing (and contains a finite orbit) and it
will be shown if X is non-periodic and Z is a square filling mixing SF'T then there exists a
homomorphism X—Z7. Combining the results of the two papers we arrive at the following
extension of Krieger’s Embedding Theorem: If X is non-periodic and Z is a square filling
mixing SFT then there exists an embedding X — Z if and only if h(X) < h(Z). We should
also stress that this class of square filling SF'T's is no mere replica of Z mixing SFTs. Indeed,
the Z? strongly irreducible SFT example of Burton and Steif [BS] which has two measures

of maximal entropy is a square filling mixing SFT.
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The paper will proceed as follows. In Section 2 we present definitions and statements
of the results and an overview of the proof of the primary result (Theorem 2.5). Sections
3-7 contain preliminary results (described more thoroughly in Section 2) which are brought
together to construct the desired embedding in Section 8. In Section 9 we show Z? square
mixing SFTs have finite orbits (this is also addressed in [W]) and we show (for d > 2) Z¢
square mixing SF'Ts are entropy minimal (Z is entropy minimal if X C Z = h(X) < h(Z)).

I would like to thank: Mike Boyle for many discussions and support during the time
in which the ideas in this paper were being worked out and most recently for offering
suggestions on an earlier version of this paper, and Natelie Priebe for suggesting Voronoi
tilings as a possible alternative to my intricate and subsequently abandoned tiling approach.
I would like to thank Klaus Schmidt and the Erwin Schrodinger Institute for their warm
hospitality and I would like to acknowledge the Fonds zur Foérderung der wissenschaftlichen
Forschung (FWF) for financial support during the year 1998-99 (research grant number
P12250-MAT). I would like to thank the Pacific Institute of Mathematical Sciences (PIMS)
and the University of Victoria for support during the years 1999-2001. Finally, I would like

to thank the referee for her (his) suggestions.

2. DEFINITIONS AND RESULTS.

For an integer d > 0 and x = (z1,..,74) € R? let ||z|| refer to the Euclidean norm of z,
and for two points z,y € R? let p(z,y) = ||z — y||. Let ||z]|sup = max{|z;| : 1 < i < d}
and for k € Nand v € R, let Ay +v = {t € R? : ||t — v||sup < k} (writing Ay = A +0
and Ax\0 = Ax\{0}). For r > 0 and v € R% let B(v,r) = {t € R? : p(v,t) < r} and for
A C R? let A denote the closure of A with respect to the topology induced by the metric
p. So B(v,r) = {t € RY: p(v,t) < r}. We will regard Z? as naturally embedded in R? thus
inheriting the above distance functions and sets by restriction.

Let S be a finite set of symbols and let SZ% be the set of maps from Z? to S with the
product topology. The group Z¢ acts naturally on SZ% and this action is referred to as the
shift on SZ°. Specifically, an element v € Z? takes x € SZ% to the element 0¥z € SZd,

where (0%2)y = Tytu, Yu € Z%. The map ¢V acts homeomorphically on the set SZ% with
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respect to the product topology. A closed shift invariant subset X C SZ% is called a Z4
subshift. For X and Y subshifts, a continuous map ¢ : X — Y which commutes with the
shifts on X and Y is called a homomorphism. An injective (bijective) homomorphism is
called an embedding (topological conjugacy). We say an embedding ¢ : X — Y is proper if
#(X) #Y. A Z? subshift X is mizing if for any pair of nonempty open sets U and V, we
have U N a®V # ) for all but finitely many v € Z<.

For A C Z% and z € SZ° let x‘A be the element of SA formed by the restriction of
to A. For a € Z% we use the simpler notation z, = x‘{a}. For a Z4 subshift X ¢ SZ° let
Wx(A) = {w € SA: 3 2 € X such that x|, = w} which we call the set of X allowed
words on A. If B C R? we let |, = x‘BmZd and Wy (B) = Wx (BNZ?). If the cardinality of
A C Z% is finite (written |.A] < 0o) then we say w € Wx (A) is a finite word, otherwise we
say w is an infinite word. The property of mixing may be expressed with finite words: for
A C Z finite, for a, 3 € Wx(A), and for all but finitely many v € Z? there exists x € X

such that x‘A =« and (0'z) ‘A = [ (we say z ezhibits o and [ separated by v).

It will be useful to have a notion of a shift on words. For A ¢ Z? and v € Z%, define
c'A) ={a—v:ac A} = A—wv. Forwe S* and v € Z4, let us define c%w € S7"4 as
(0%w)y = Wyty, Vu € o¥ A. This definition is consistent with the shift on SZ and there is
the following convenient relation o (x‘A) = va‘avA‘ As a matter of practical application,
if A # oV A, then SA and S7°A are distinct, which means that Wy (A) and W (o A) are
distinct, nonetheless when A is finite we will not hesitate to identify their elements.

We will use the following standard definition for the Z¢ entropy of a Z? subshift X (where

|A| = card{A} and A = {(r1,..,7q) : 0 <r; <nfor 1 <i<d}).

Definition 2.1.

+
h(X) = limsup —log Wx (A

n—00 nd

By subadditivity the limsup in the above definition is a limit and equals the infimum of

all such values.
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Figure 1: Square Mixing

Definition 2.2. A Z? subshift Y c SZ° is a shift of finite type (SFT) if there exists an
n > 0 such that

Y ={zes¥ a, ., €Wy(\,)VovezZ.

We say such an SFT is A, scaled. In an analogous fashion SFTs may be A scaled for
other subsets A C Z4. If Y C S%" is an A scaled SFT and C C Z%, then a word u € S¢ is
said to be A locally Y allowed if A+ v C C implies u‘AH € Wy (A+v).

We say Y C S2° is a matriz SFT if there exists a set {A;}L | of |S| x |S], 0-1 matrices
such that Y = {y € L Ai(Yo, Yore,) =1, V1 <i <d Vv € Z%) where for 1 <i < d the

e; are the standard unit vectors generating Z¢.

Definition 2.3. A subshift X such that z # oPz for every » € X and p € Z9\0 is called

non-periodic since it has no periodic points.

Definition 2.4. A Z< subshift Y is square mizing (SM) if there exists k such that for each

n >0 and z,y € Y there exists z € Y such that Z‘A = x‘A and Z‘Zd\A = y‘Zd\A .
n n n+k n+k

The parameter k is referred to as the square mizing gap parameter. If a square mixing
SFT contains a finite orbit, we call it a finite orbit square mixing SFT (FOSM SFT). The
effect of square mixing upon the presence of finite orbits is not completely understood. It
is not hard to see that, for d = 2, a Z? square mixing SFT has finite orbits, as we show in

Section 9 (see also [W]). Whether this must be the case for d > 2 is not known.
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The following is our principal result.

Theorem 2.5. For d > 2, let X be a non-periodic Z¢ subshift, let Z be a Z% finite orbit
square mixing SET and suppose there is a homomorphism X—Z. Then, there exists an

embedding X — Z if and only if h(X) < h(Z).

We have two immediate corollaries. For Z to contain a finite orbit means there is a
subgroup G C Z of finite index and a point in Z which is fixed by G. That is, for some

z€Z,09z=zforall geG.

Corollary 2.5.1. Let X be a non-periodic Z¢ subshift, let Z be a square mizing SFT, and
let G C Z¢ have finite index. If there exists a set of disjoint closed subsets X, q indexed by
the elements of Z2 /G such that for v € Z%, 0* Xyrq = Xppurq and if some z € Z is fized

by G, then there exists an embedding X — Z if and only if h(X) < h(Z).

Proof. One can check that letting ¢(z) = 0"z if and only if 2 € X,;¢ defines a

homomorphism X —Z. [

Corollary 2.5.2. Ford > 2, let X be a non-periodic Z® subshift and let Z be a Z¢ square
mixing SE'T which contains a fived point. Then, there exists an embedding X — Z if and

only if h(X) < h(Z).
In the sequel [L] we will prove the following.

Theorem 2.6. If X is a non-periodic 7> subshift and if Z is a 7Z? square filling mizing

SFT, then there exists a homomorphism X—Z.

Together, Theorems 2.6 and 2.5 imply the following extension of Krieger’s Embedding

Theorem.

Theorem 2.7. Let X be a non-periodic 7 subshift and let Z be a Z? square filling mizing
SFT. There exists an embedding X — Z if and only if h(X) < h(Z).
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Interestingly, the question of whether square mixing SFTs must have finite orbits is
highlighted here since Theorem 2.5 assumes the SM SF'Ts have finite orbits and we make
use of these finite orbits in the proof. Whether one could prove Theorem 2.5 without making
reference to finite orbits, is not clear.

We now briefly address the proof of Theorem 2.5 beginning with the necessity of the
entropy condition. Because any square mixing SFT necessarily contains a periodic point
(0¥z = x for some v € Z%\0) any embedding of a non-periodic subshift into a square mixing
SFT will necessarily be proper. Following A. Quas and P. Trow [QT] we say a subshift X is
entropy minimal if for any subshift X’ ¢ X we have h(X’) < h(X). In Section 9 we prove
that any SM SFT is entropy minimal. Thus any embedding of a non-periodic subshift into
a SM SFT must have strictly less entropy.

We turn to the sufficiency of the entropy condition. In the sections that follow we proceed
to construct an embedding v : X <— Z. The assumption that we have a homomorphism
¢ : X—Z in Theorem 2.5 permits a construction of an embedding which is very similar
in spirit and shares analogous structures with the embedding constructed for Z subshifts
(Krieger’s Embedding Theorem). The principal difference is the geometry of R%; “Voronoi”
tilings of R? are much more complex for d > 2 than for d = 1. This construction takes some
time, so we give an overview of it.

In Section 3 we introduce 90,,, the class of m regular subsets of Z¢ (M C Z¢ is m regular
if no two elements of M are within m of each other and no element of Z? is more than m
from the set M). Then we define and derive Voronoi tilings from m regular subsets of Z<.
Such tilings consist of a collection of convex polyhedrons such that 1) for each polyhedron
V, B(p,m/2) C V C B(q,2m) for some p,q € R? and 2) they cover R? regularly (i.e.,
distinct polyhedrons have disjoint interiors).

In Section 4 we associate the non-periodic subshift X to a set of Voronoi tilings. Namely,
we construct a clopen set F' C X such that for each z € X, theset M, = {v € Z? : 0¥z € F}
is m regular. Thus, using the techniques of Section 3 we can derive Voronoi tilings from

the sets M, € M,,.
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In Sections 5 and 6 we locate a Z allowed word W; which can act as a “marker” in the
image. Specifically, in Section 5 we show there exist My and a word Wy € Wz(Ajyy,) such

that the subshift Y = {z € Z : 2N N # Wy Vv € Z% is a SM SFT which contains a
0 v

M
finite orbit, A(X) < h(Y'), and there exists a homomorphism X —Y . In Section 6 we show
there exist M’, M; and a word Wi € Wz (Apr, )\Wy (Aps,) such that for m suitably large,
any y € Y and M € 9M,,, there exists z € Z such that z, =W, < veEeMandz=y
on ZN\ Uyer Appr.

In Section 7 we construct an injection of words. Roughly speaking, for m suitably large
and any convex polyhedron V such that B(p,m/2) C V C B(q,2m), p,q € R?, we construct
an injection ¥ from Wx (V) to Y allowed words which have been “marked” by W; and
which have a fixed pattern of symbols on their boundary. Finally, in Section 8 (for each
x € X) we use the homomorphism to determine a pattern of symbols on the boundary of
each Voronoi tile in the Voronoi tiling constructed from M, and we use the injection ¥ to
paint “marked” Y allowed words on the interiors of each Voronoi tile producing an element

Y(x) € Z. The results from the previous sections are then applied to show ¢ : X—Z is an

embedding and that completes the proof of Theorem 2.5.

3. VORONOI TILINGS.

In this section we introduce a couple fairly standard Voronoi tiling definitions (see [A]
[OBS]) and prove a simple lemma (3.3). We then define regular coverings and prove a result

(Lemma 3.5) summarizing what we need to know about such coverings.

Definition 3.1. A set M C R? is m separated if for every v € M, B(v,m) N M = {v}.
A set M C R?% is m syndetic with respect to Z¢ if v € Z¢ = Bo,m)NM # 0. A m
separated set M C R? which is m syndetic with respect to Z? will be called m regular. We

define M,,, = {M C Z¢ : M is m regular }.

If M C Z% is m syndetic with respect to Z%, then M N B(v,m + v/d/2) # 0, for all

v e R,
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Definition 3.2. For v € M C R? the Voronoi tile corresponding to v with respect to M

is the set V, = {r € R%: p(r,v) < p(r, M)} (where p is the Euclidean metric).
The following is well known but we prove it anyway.

Lemma 3.3. If M C R% is m reqular, then for each v € M the Voronoi prototile V, is a

closed convex polyhedron and B(v,m/2) C V, C B(v,m +V/d/2).

Proof. Let z € V, and suppose p(z,v) > m + V/d/2. Since V, is the Voronoi tile
corresponding to v with respect to M, and x € V), it follows that = is as close to v as
to any other element of M, that is p(z, M) > m + /d/2. But this means M N B(x,m +
\/&/ 2) = () contradicting M’s m syndeticity with respect to Z%. Thus the Voronoi tile
V, C B(v,m +Vd/2).

On the other hand, if there exists a point x ¢ V, and d(v,z) < m/2 then there exists
another point u € M such that d(u,z) < m/2. But then d(v,u) < d(v,z)+ d(z,u) <
m/2 + m/2 = m, a contradiction since d(v,u) > m for each distinct pair in M. Thus
B(v,m/2) C V,.

Each Voronoi tile V, = N, Ho(u) where M, = M\{v} and H,(u) = {z € R? :
|z = v|| < ||z — ul|} is the closed halfspace containing v. Thus the Voronoi tile V, is the
intersection of a collection of closed convex objects and therefore is closed and convex. Since
V, C B(v,m + v/d/2) and since V, = NH,(u) it suffices to take the intersection over the
finite set of points u € B(v,2m + v/d) N M,. Therefore, the Voronoi tile V, is a closed

convex polyhedron. [
Corollary 3.3.1. The set §pm ={Vy —v:v € M for some M € M, } is finite.
Proof. For M € 9, and v € M each V, C B(v,m +/d/2) and this means that each
V, —v={reR%: p(r,0) < p(r, M' N B(0,2m + Vd))}

where M’ = M — v C Z¢ is m regular and contains the origin. Because the collection of all
possible m separated subsets of B(0,2m + +/d) N Z¢ is finite so is the set of all such V, — v.
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The set {V, }vem of Voronoi tiles is a cover of R? and for u # v the sets V, and V,
have disjoint interiors, however the collection of sets {V,}yer is not necessarily uniquely
associated to a subset M € 9M,,,. There exist distinct M, M’ € 9M,,, for which the collections
{Vo}vem and {V/,}yerr are the same, where V!, is the Voronoi tile corresponding to v’
with respect to M’. In fact, given M, the collection of such M’ (with identical Voronoi
tilings) may be uncountable. For this reason, we take the following approach to tiling.

Let § be a finite collection of convex polyhedral sets and suppose there exists a set
U C § x Z% such that R? = Uw,z)epV + 2 and distinct (V,2), (V', 2') € U are such that
(V4 2) N (V' + 2') has empty interior. Then U is referred to as a reqular § covering of RY
and § is referred to as the set of prototiles. Regular § coverings of R? embody our notion
of a tiling of R? by polyhedral sets.

Let us define a shift o on the elements of § x Z¢. For 8 = (V,u) € § x Z% and v € Z¢,
define 0¥(3) = (V,u — v). For U C § x Z% let us write o (D) for the set {o¥(B) : B € V}.
Clearly, U is a regular § covering of R? if and only if ¢¥ () is.

We would like to define a topology on collections of regular § coverings in which whenever
two regular § coverings Uy and Uo agree on some finite set § x A,, then they lie in a
common basis set. Such collections of regular § coverings are subsets of P(F x Z%), where
P(A) denotes the collection of all subsets of A. Also, since § is finite, § x Z? is a discrete

metric space.

Definition 3.4. For a discrete metric space A define the Bounded Neighborhood (BN)
topology on P(A) as that topology generated by the basis of sets consisting of all U («, B) =
{B€P(A):anB =N B} where B C A is finite and o € P(A)

A collection V' of regular § coverings of R? may be given the (BN) topology since
V CP(F x Zd). With respect to this topology, the shift map ¢ defined above is continuous.
The following lemma summarizes what we need to know about Voronoi tilings generated

by sets M € M,,.
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Figure 2: M and the Corresponding Voronoi Tiling U,,,(M).

Lemma 3.5. For m > 1 fized, the collection §p, = {Vy —v:v € M for some M € M, } is
a finite set of convex polyhedral prototiles such that for each prototile V € Fp,, B(0,m/2) C
V € B(0,m ++/d/2). For any M € M, the set V(M) = {(Vy —v,0) : v € M} is a
well-defined reqular ., covering of R® with the following properties.

1) For every v € M there exists a unique (V,u) € By, (M) such that w =v and

VY + u is the Voronoi prototile corresponding to v with respect to M.

2) The map M — B,,,(M) is (BN)-continuous.
3) V(0" M) = 0B, (M).

We refer to the set §,, as the set of Voronoi prototiles and to U, (M) as the Voronoi
tiling of R® generated by M. See Figure 2 for a picture of an example for d = 2. Note
V,v) € Upy(M) <— veM.

Proof of 3.5. The first sentence follows from Lemma 3.3 and Corollary 3.3.1. Since
0,,(M) is the collection of pairs (V,v) € Fp x Z% such that i) v € M and ) V € F, is
the unique element such that V + v = V), it follows that for v € M there exists only one
element (V,u) € U, (M) such that v =v (and V, =V + u).

The continuity of the map M — U, (M) may be demonstrated as follows. For k > 0 let
K =k+2m +Vd. For M, M' € M, let {V,}oerr and {V},crr denote the Voronoi tiles
corresponding to the elements of M and M’, respectively. For each v € M the Voronoi tile
V, is determined by M N B(v, 2m+V/d) (likewise for M’). If M and M’ agree on A, then
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for every v € M‘Ak = M"Ak (since B(v,2m ++/d) C Ag) we have V, = V. Thus 9,,(M)
and U,,, (M) agree on F,, X Ag.

Part 3 is just a matter of observing that shifting a set M, shifts its Voronoi tiling and

therefore shifts the corresponding U, (M). |

4. MARKERS IN THE DOMAIN.

We now associate Voronoi tilings to a non-periodic subshift X. We do this by constructing
a continuous shift commuting map X —M,, for suitable m (z — M,) . For each x, the
image M, of “markers” is derived from a clopen “marking set” and is viewed as presenting
local periodicity information about the symbols that occur in . This is done much as is
done in the proof of Krieger’s embedding theorem for Z subshifts. We proceed as follows.

For A C R? and j € Z4\{0}, a word w € Wx (A) said to be j periodic if for every pair
v,v+j € ANZ? we have w, = Wy j. For a 7% subshift X and positive integers m and M

with 0 < m < M, let {w;}X, be an enumeration of the following set of words.
{w Y, = {w e Wx(Ay) : wis not j periodic for any j € B(0,m)\{0}}. (1)

Let (w;) ={z € X : xl, = w; }; so (w;) is a clopen subset of X. We have the following
M

algorithm.

Algorithm 4.1. For integers m < M and an enumeration of words {w; }X,, we construct

the set F(m,M) C X as follows. Let I} = (wy), for 1 < n < K let F, = F,_1 U
((wn)\ U  09F,_1), and let F(m, M) = Fk. .
j€B(0,m)

Reindexing the words {w; }X; may produce a different set F(m, M), however any such

F(m, M) will be adequate for us.

Lemma 4.2. For positive integers m and M with0 < m < M and {wi}fil as in Equation 1,
the set F' = F(m, M) is a clopen subset of X with the following properties:
1) FNolF =0,V je B(0,m)\{0}

K .
2) Uw)c U oiF.
=1 j€B(0,m)
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Proof. The (w;) have the property that (w;) N o’ (w;) = 0, V j € B(0,m)\{0}. The

definition of F;, preserves clopenness, and property 1; that is, if F},_1 and (w,) are clopen so

is F,, and if F,,_; and (w,) satisfy property 1 so does F,,. Lastly 7U oI F,_1 U (wy) C
jeB(0,m)

U ¢/F, which applied repeatedly beginning with F' = Fy gives us property 2. [
JEB(0,m)

Corollary 4.2.1. Form, M, and F as in Lemma 4.2 andx € X, ifxr ¢ |J o'F, then
B JEB(0,m)
x| dsaj periodic word for some j € B(0, m)\{0}.
M

We fix F' = F(m, M) and use it to construct for each = € X a set of markers
M, ={veZl: % c F}. (2)

Corollary 4.2.2. M, has the following properties (for v € Z9):
1) if v € My, then B(v,m) N M, = {v} (M, is m separated) and
2) if B(v,m) N M, =0 then |, N is j periodic for some j € B(0,m)\{0}.
MTU

Remark 4.3. The map x — M, for z € X is shift commuting and continuous in the sense
that given k£ > 0 there exists K such that whenever | —=y| then My| = M|

AK AK Ak Ak
and 0" M, = Mg, where " M, = M, —v.

Lemma 4.4. Given a non-periodic subshift X and an integer m > 0 there exists an integer

M > m such that for any F = F(m, M) and each x € X, the set M, € M,,.

Proof. That M, is m separated follows from Corollary 4.2.2 Part 1. That M, is m
syndetic with respect to Z? follows because X is compact. Specifically, we claim there exists
M such that for every z € X, the word x‘AM is not p periodic for any p € B(0,m)\{0}.
Suppose not, then there exists a sequence My — oo and a sequence {zy }ren with zy ‘AMk P
periodic for some p € B(0,m)\{0}. It follows that there is a subsequence z, which converges
to some point € X and such that xx ‘AM are all p periodic for some p € B(0,m)\{0}.

k/
One can check that x is p periodic, contradicting the non-periodicity of X.
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As demonstrated in Corollary 4.2.2 Part 2, it is the nature of F' = F(m, M) and hence
the derived set M, that if (B(0,m) + v) N M, = ) for some v € Z%, then x| . is p
MTV

periodic for some p € B(0,m)\{0}, thus (B(0,m) +v) N M, # 0. n

5. THE ABUNDANCE OF FOSM SFTs.

In this section we develop an aspect of finite orbit square mixing (FOSM) SFTs which
is needed to prove Theorem 2.5. Specifically, we show that any FOSM SFT Z contains
an abundance of subshifts which are themselves FOSM SFTs and which may have entropy
arbitrarily close to h(Z). In what follows we refer to an SF'T which contains more than a

single point as a nontrivial SF'T.

Theorem 5.1. If Z is a nontrivial Z* FOSM SFT, then for any € > 0 there exist My > 0

and a word Wy € Wz(Ang,) such thatY ={z € Z : z| A £ Wy, Vv e Z% is a FOSM
v MO

SET with Y C Z and h(Y) > h(Z) —e. Moreover, if Y' is a subshift with Y' C Z, then Wy

may be chosen such thatY' C Y.

Remark 5.2. That Z has a point with a finite orbit is crucial for us since Wy = a:‘A
Moy

for some x € Z with a finite orbit. Whether this is necessary is not clear.

Remark 5.3. For d = 2, Theorem 5.1 also holds if we replace FOSM SFT with square

filling mixing SFT.
Lemma 5.4. In a FOSM SFT the set of points whose orbits are finite is a dense set.

The proof of this lemma follows naturally from the arguments used to prove the entropy
relation in Theorem 5.1 so we will not present a separate proof. Rather, we will address the
proof by merely making a remark at the appropriate point in the proof of Theorem 5.1.

The rest of the section will be directed toward the proof of Theorem 5.1. We begin by
setting down some notation and a couple facts. For n > 1 and m > 3 let

| p— Azrm—Q)n + (n,..,n) and
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A = A\

Then A}, is the disjoint union of the annulus A,, , and the shifted hypercube ¥y, ,,.

For v, ..,vq € Z¢ let (v1,..,v4) denote the subgroup they generate. For 1 < j < d let e;
denote the j-th canonical basis element (0,..,1,..,0) € 7% whose j-th component is 1 and
the other components are zero. For n € Z and t = (t1,..,tq) € Z¢ let nt = (nty, .., ntq). If
G C Z% is a subgroup with |Z¢/G| < oo, then for each 1 < j < d there exists an n; € N,
n; > 0 such that nje; € G (hence, there exists an n € N, n > 0 such that ne; € G for
1<j<d).

For w € Z% and K,m,n,nq,..,ng € N such that m > 3, n; > 0, n > max{ni,..,ng}
and K > mn, if ¥, ,, N (A} +w) # () then for any a € Z? there exist k; € Z such that
a+ Z?Zl kivi € Ay N (A;r( + w) where v; = n;e;.

Before we begin the proof of Theorem 5.1 we present a preliminary “replacement” result.
Let Z be a nontrivial matrix SFT and suppose x € Z has a finite orbit. As such there exist
V1, ..,vq € Z% such that |Z?/(vy, ..,v4)| < 0o and oz = 2 foralli = 1, ..,d. Since we may, let
us assume each v; = n;e; for some n; > 0. Let m,n be such that m > 3, n > max{ni,..,nq}

and let V € Wx(A;},) be any Z allowed word such that V‘A =z, but V # x‘AJr .

m,n n

(We will not concern ourselves with V’s existence at this point since that will be guaranteed

in due time.) If y € Z is such that Y| L= x| L then because Z is a matrix SF'T we may
An A

mn

“construct” or define a new point § € Z such that g/j‘ =Y

Let R C Z% be any sufficiently large square, that is R = A} + v’ for some v/ € Z¢ and

and §]‘A+ =V.

K € N, where K > mn. For y € Z define
_ d . _
B(y)={weZ .J“’y‘R—x‘R}.

Lemma 5.5. Fory € Z such that y| L=z and for y as defined above, B(y) € B(y).
At A

mn

If we think of the construction of  from y as a replacement procedure or algorithm that
replaces the word x| . (which looks like x) with the word V' (which doesn’t look like x),
Amn

then Lemma 5.5 tells us that this replacement procedure doesn’t create any new words in

¥ which look like x.
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Proof of 5.5. Writing z = ¥, we suppose w € B(z), that is a“’z‘R = x‘R. This is

equivalent to saying z, = 4y for all a € R+ w. If ¥, ,, N (R + w) = ), then for all
a € R4+ w, Yg = 24 = Tq—w Which implies J“’y‘R = x‘R. That is, w € B(y).

So suppose w is such that ¥y, , N (R+w) # () and suppose a € R+w (hence z, = z4—y,).

There exist k1, .., kg € Z such that
a+ Y kivi € App N (R+w).

The periodicity of = implies T4—w = Tq— w43 kv;- Since a + Y kjv; € R+ w this implies

Za4S kivi = Tat kivi—w and thus (since a € R+ w)
Za = Ta—w = Lat+3 kvi—w = Pat+d kv

mn?

Now, either a € ¥y, ,, or not. If so, then since a,a + Y kjv; € A, and y| . ==
Amn Amn

we KNow Yo = Yo i3 kv;- And since a + Y kivi € Amn, Yatrs kivy = Zat> kivi- LHUS

Ra = Za+> kiv; — Ya+> kiv; — Ya-

On the other hand, if a is not in ¥,,, then y, = 2,. In either case, y, = 2z, for any

a € R+ w. Thus Uwy‘R = awz‘R = [ s 50 again w € B(y). In sum B(z) C B(y). |

Proof of 5.1. We may assume Z is a square mixing matriz SF'T with square mixing
gap parameter k. By assumption there exists an z € Z and vq,..,uq € Z% such that
|Z/(v1,..,v4)| < oo and oz = x for each i = 1,..,d. We assume each v; = ne; where

n > k. Welet a = | L The periodicity of x implies o = | N for all t € Z% where
AY AL +nt

nt = (nty,..,nty). That is, z may be regarded as formed by the concatenation of the word
a. Similarly (for m > 3) the word 0V = x‘Am i is the concatenation of the word a: around
the annulus A,, 5.

Because we have assumed Z is nontrivial, we know for m suitably large that there exists a

word B € Wz (Al

(m— 4)n) such that B # T . Since Z is square mixing and n > k, there

(m—4)n
exists a word V' € Wz (A7) such that V| =0V and V| # x| where
Am,n A{m—2)n+ne A{m—Q)n
e = (1,..,1). To see this, let y € Z be such that Y| = B. By square mixing,
A?':mi4)n+2ne
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there exists z € Z such that z‘ = and z

Y| |
+ + 2
A(m 4)n+2ne A(m 4)n+2ne Z \\Pm,n

| . So,
Z2\U

V:z‘

Afn

Remark 5.6. The existence of z and V allows us to prove Lemma 5.4. As described above,

for any m suitably large and any B € W (A?Fm_ 4)n) there exists a Vg € Wz(A}L,,) such that

VB| = B, and Vp| = 0V. Thus, the point z defined by z‘ = Vp for
A(tn 4)n+2ne Am,n A +mnt
all t € Z% is an element of Z and 6%z = z whenever v = mnt, t € Z%. Since z| =
Azrm74>n+2ne

B and z has a finite orbit, we see the set of points in Z whose orbits are finite is dense,

proving Lemma 5.4.

We now show the following claim.
Claim 1. For m suitably large if we let My = mn and Wy = zl, then h(Y) > h(Z) —e.

Proof. From the definition of entropy, given e there exists m such that

d

Wy (A ) = 1> e(Z)=amind (3)

((m—4)n)

As described earlier, for each word A € Wz (AT there exists (by square mixing) at

(m— 4)n)

least one word Upn € Wz(A},) such that UA‘ = A and UA‘A = 0V. Let

AT +2ne

(m 4)n
\Wz( ((m—1)n ))| 1 and let {A}Y, = WZ( (m—d)n \{ﬂf‘ }. Since Z is a matrix
(m—4)n

SFT, for cach n € N%* there exists z = z(n) such that z‘ = Una,, fort € Z%. For

mn—l—mnt

points z so constructed, the number of words z| would equal N (k). (Also, a countable
kmn

number of such points z will have a finite orbit.)

Note, if Y were defined using a:‘ instead of Wy, then there could exist elements z (as

mn

constructed above) which need not be in Y. Since Y is defined using Wy, let us check that
the points z are elements of Y. We will do this by contradiction; suppose awz‘A = l“A

or equivalently z‘A = a:‘A . The periodicity of & implies for every ¢ € Z¢ such that

mnTW

a,a+ nt € Ay, +w that

Za = Zatnt- (4)
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For t' € Z4, let k = mnt’ be such that A, +w D A}, + k. By the construction of z,

there exists A € Wz (A}

(m_4)n) such that for any a € AT + Kk + 2ne,

(m—4)n
Za = AQ—K—Q’VLE' (5)

Since a € Zd, there exist t € Z¢ such that a+nt € Ay n+k. On the other hand, @’ € Ay, ,,+k

implies z, = x4 _,. Together with Equations 4 and 5 this means (with o’ = a + nt)

Ag—k—2ne = 2q = Za+nt = Tatnt—k
for all a € ATm%)n + k + 2ne. That is, for all a” € A?‘m%)n, Ay = Tarionesnt and thus

Ay = x4 because of the periodicity of x. This implies A = x| , contradicting our
A
(m—4)n

choice of A. In conclusion Z‘A #* x‘A for any w € Z¢ and z so constructed. So

mn+tw

z€eY.

We can underestimate the number of words in Wy (A} ) by counting only those words

kmn

d d
z| . - So, for any k € N,k > 1 we have |[Wy (A}, )| > NG = (|WZ(A?;rL—4)n)| — 1)*.

Hence, by Equation 3, h(Y) > h(Z) —e. Claim 1-m

Remark 5.7. A slight variation of this argument shows nontrivial FOSM SFTs have
positive entropy. Though in Section 9 it is evident that the positive entropy can be deduced

without reference to finite orbits. That is, non-trivial SM SF'Ts have positive entropy.

We will now show that Y is a FOSM SFT. Y definitely contains finite orbits, so we need
only show Y is square mixing. To do this we pick a value &’ for the square mixing gap
parameter for Y and show the square mixing property holds.

Since Y is Ay, scaled, let &’ be large enough that for any n’ > 0 there exists n with
n' < n < n' +k such that for any w € Z%, w + Ay, is a subset of either A, Z4\A,, 4, or
Ak \Nyy (e.g. let K =4My+ 6+ k and n =n' + 2My + 2). For y,3’ € Y, square mixing

tells us there exists z € Z such that z| = and z| = y" .
ZA\A ik An An

y ‘ Zd\An+k
Since y € Y we know no copies of Wy occur in z on Z4\ A, ;1 (i.e. for Ay +w C ZN\Ap sk,

y‘A N # Wp). Similarly no copies of Wy occur in z on A,,. It is possible that copies of Wy
Mg tw

still occur in the annulus A,/ g\ A,s. However, they may be removed. Suppose A}, +w C
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A\ Ay and z| N = x| L Using the replacement procedure outlined before Lemma
Apn+w An
5.5 we construct z € Z. (Z] = z| and 2| = V.) By Lemma 5.5,
Zd\A’j;Ln"l_w Zd\Aﬁ;Ln‘i'w Aan"l‘w

B(Zz) € B(z), and since B(z) is finite, |B(2)| < |B(z)|. Moreover, E‘Zd\A,L/M, = y‘Zd\An/M/

and ’z\‘A =y ‘A . Letting Zz be renamed z and repeating this process a sufficient and

finite number of times, we will have that |B(z)| = 0 (and hence z € Y) and Z‘Zd\A =
n!+k!

Y| and 2, = y"A - That is to say, Y is square mixing.

ZINN, 1, g0
T(\) Zo;plete the proof of Theorem 5.1, it remains to address the last sentence of 5.1.
Since Y’ C Z and the finite orbits are dense in Z there exists a point # € Z with a finite
orbit such that z € Y’. So for N sufficiently large x‘AN ¢ Wy (An). Let W = z| .
and define Y = {z € Z : y‘ANM # W ,Vv € Z9}. Since W ¢ Wy+(Ay), if y € Y, then
y‘ANH} £ W for all v € Z%. That is y € Y. So, we let = be the periodic point used at
the beginning of the proof of 5.1 and we choose m and n large enough that My =mn > N. =

6. CONSTRUCTING A MARKER FOR THE IMAGE.

The primary purpose of this section is to prove Lemma 6.3. To make an injective map
from X to Z we need a “marker” symbol in Z that we can use to “mark” the lattice elements
v € My in the target space Z. For Y and Z as in Theorem 5.1, the word Wj itself may
not be a marker for Y in Z, since it may fail to satisfy the only if portion of Part i) in the

following definition.

Definition 6.1. Let Y and Z be subshifts such that Wy (Ayr) € Wz (Ays) for all M > M,
for some My > 0. For M > My, a word W € W (Apy)\Wy (Apr) is called a marker for' Y
in Z if there exists M’ > M such that for every y € Y there exists z € Z such that

i) 2| = W if and only if v = 0 and
Arrtv

i) Z‘Zd\AM/ y‘zd\AM/
If M = 1 then we refer to W as a marker symbol for Y in Z. We refer to M’ as the marker

shadow size.
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Lemma 6.2. Let Y and Z be subshifts such that Wy (Apr) € Wz (Apr) for all M > My for
some My > 0. For M > My, if W € Wz (Ax)\Wy (Aprr) is a marker forY in Z, then there
are higher block recodings, Y and Z, and a symbol w € W5 (A1)\Wp (A1) which is a marker
symbol for Y in Z.

Proof of 6.2. It suffices to recode using Wz (Ays). We let the symbol w correspond to
the word W and one can check that ) and 4) (in Definition 6.1) hold with the recoded

marker shadow size M’ = M + M —1. n

Lemma 6.3. Let Z be a nontrivial square mizing SFT and for My > 0 and Wy € Wz(A,)

suppose Y ={z¢€ Z: 2|, N £ Wy Yo € Z%} # 0. Then, there exist My > My and a word
Mot

Wy € Wz (A, )\Wy (Apr, ) which is a marker for'Y in Z.

We will see that it suffices to let the marker shadow size M’ > k + M, where k is the
square mixing gap parameter for Z. Before we begin the proof of the lemma let us verify
the following easy claim.

Claim. Suppose there exists m > 0 such that for every z € X, oPx = z for some p € A, \0.
Then h(X) = 0.

Proof. Let X C S%* and let X, ={r € X :0Pzx =2z} Then X = |J X,. It should
be clear h(X) < maxh(X,) so we need only show h(X,) = 0 for ep;c[;lmz\aoe AR\0. Fix
p € ZN0. Regarding p € R? let H be the d — 1 dimensional hyperplane perpendicular
to p and suppose {qi}?;f spans H. Let d = {3 rigi - 0 <7y <1} For A € R? let
Axp={rp+sq:0<r,s<1and g€ A} and for n > 0 let nA = {na:a € A}. Then

log ]WXP (n(ZI; X p))| log ]WXP (ntf X p)|

h(X,) - Vol(® x p) = nh_}rgo - = nh_}rgo -
1 S nd=1Vol(dxp)
< lim o8 (| | | ) =0.
n—oo n

|
Proof of 6.3. Assume Z has the square mixing parameter k. If there exists m > 0
such that for every M > 0 and w € Wz (Ay), w is p periodic for some p € A;;,\0, then by

compactness every x € Z has oPx = x for some p € A, \0 and hence h(Z) = 0. Since Z is a
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nontrivial SM SFT, h(Z) > 0 (see Section 9) and so there exists an m > 2(My+k+1) and a
Z allowed word A € Wz(Ay,) which is not p periodic for any nonzero p € Ag(pgy4x+41)- Since
A € Wz (A,,) there exists a point z € Z such that /Z\‘Am =A. Let M1 =m+2My+k+1.
Because Z is a SM SFT there is a word Wi € Wz(Any,) such that Wi| = A and such

Am
that Wi | = Wy for v equal to each (p1,..,pq) € Z% where each p; = +(M; — My).

My t+v

Figure 3 depicts Wy for d = 2.

F1cure 3. Constructing W.

W

0 W

0

W

0 W

0

Since Y C Z, for each point y € Y there exists a point z € Z such that z = y outside
App, 4k and Z‘A = W1. No other copy of Wj exists in z since this would contradict y € Y
My

(by the presence of Wy in the region Z\ Ay, 1) or would contradict A not being p periodic

for any p € Ay(nry4r+1)- [ ]

7. CONSTRUCTING AN INJECTION INTO MARKED WORDS USING ENTROPY

In this section our principle result is Theorem 7.2, though we will actually use the closely
related Corollary 7.2.1. For two subshifts X and Z, Corollary 7.2.1 gives sufficient conditions
for the existence of an injection from the set of X allowed words into a set of Z allowed words
on a suitable collection of polyhedrons. This will provide us with the means of guaranteeing
the injective nature of the embedding which we seek in Theorem 2.5. Since the corollary
follows almost directly from Theorem 7.2, most of this section will be spent proving the

latter. In order to state Theorem 7.2 we need to define some terms.
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For a convex polyhedron V C R? let Vi = {r e R?: p(r,V) < K} and let Vi = {r e V:
p(r,RN\V) > K}. Let 0V denote the boundary of V and let OV = {r € R%: p(r,0V) < K }.

Definition 7.1. Let Z be a subshift and let W € Wz(A;). For a convex polyhedron V
and a point p € VNZ2, define Wz(V;F;p, W) to be the set of words w € Wy (V") such that
(for i € V]")

w; = W if and only if i = p.

For u € Wz(9Vy") define

WiV = {we Wz(Vi) : w‘mﬁ = u}.
1

We think of Wz(V;';p, W) as the collection of words in Wz(V]") which have been
“marked” at p with the symbol W and we think of W2(V]") as the collection of words
in Wz(V;") which look like u on the neighborhood 9V of the boundary of V.

For ig > 0 we say a family U §(2) is a 2 uniform family of convex polyhedrons if each
§(7) is a set of convex polyhe(fcl)ils which, for V € §(i), we have B(p,i/2) C V C B(q,2i)

for some p, ¢ € RY.

Theorem 7.2. Let Y and Z be nontrivial SM subshifts such that Wy (Ay,) € Wz (Ap,) for
allm >0 and let W € Wz(A1)\Wy (A1) be a marker symbol for Y in Z. For any € such

that 0 < € < h(Y), there exists mg > 0 such that for every 2 uniform family of convex

polyhedrons | F(i), i > ma, V € §(i) with B(0,i/2) CV and, u € Wy (OV]") we have

i>10

M= VolV)  \yru (Vi) n Wy (Vi 0, ).

Corollary 7.2.1. Let Y and Z be nontrivial SM subshifts such that Wy (Ay,) € Wz (Ap,)

for allm > 0 and let W € Wz(A1)\Wy (A1) be a marker symbol for Y in Z. For any

subshift X with h(X) < h(Y'), there exists mo > 0 such that for every 2 uniform family of

convez polyhedrons y F(i), i > ma, V € §(i) with B(0,i/2) CV and, u € Wy (OV]") there
i>io

18 an injection

U(u) : Wx (V) = Wz(V") N Wz(V[50,W). (6)



Section 7 24
Corollary 7.2.1 follows directly from Theorem 7.2 and Lemma 7.4 below.
Since we identify W4 (B) with W4 (B —v) = ¥ (W.(B)) we will extend the definition of
U allowing it to take values from o*Wy (9V;") = Wy (6¥0V;") and 0*Wx (V) = Wx(a¥V)
to o (WE(V) N Wz (V50,W)) = WS “(a"V)) N Wz(a°V); —v, W). That is, for c¥u €
Wy (av0V;")

U(ovu) : Wx (V) — Wg “(a" V) N Wz (a"V] 5 —v, W).

where

U(ou)(c’w) = o’V (u)(w).

Remark 7.3. Given ¢ > 0 and K > 0, there exists 47 > 0 such that for any 2 uniform

family of convex polyhedrons |J §(i), i > i1, and V € §(i) we have

i>ig

(1—e)Vol(V) < Vol(Vg) and Vol (Vi) < (1 +€)Vol(V).

Lemma 7.4. Let X be a Z% subshift and let € > 0. There exists iy > 0 such that for any
2 uniform family of convex polyhedrons |J §(i), i > i1, and V € §(i) we have |[Wx (V)| <

i>i0

e(M(X)+e)Vol(V)

Proof of 7.4. From the definition of entropy, there exists N such that [Wx(AY)| <
e(MX)+Vol(AY) By Remark 7.3, for K = V/d- N there exists i1 such that for i > i; and V €

F(i) we have Vol(V) < (1+¢€)Vol(V). We cover V with disjoint d-cubes A} +v. Suppose

L-Vol(A}
the minimal number of d-cubes necessary for this is L. Then we know Vo?((V)N) <
Vol(Vif) , _

—— 22 <1+4+e P h h
Vol(V) = + €. Putting this together we get
log[Wx (V)| _ L-log[Wx(A%)] Vol(Ay)
Vol(V) - Vol(V) Vol(A})
log [Wx (A%
< —0g| X(JFN)‘(l—i—e)
Vol(Ay)
< (MX)+e)(l+e) <h(X)+E€.
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The following lemma is a simpler version of Theorem 7.2. We present it so that we may
preview our approach to the proof before proving 7.2.
Lemma 7.5. Let Y be a nontrivial Z¢ SM subshift and § = |J (i) a 2 uniform family of

i>io
convez polyhedrons. Given € > 0 there exists i1 such that for i > iy and V € §(i), we have

Wy (V)| > eh(Y)=e)Vol(V),

Proof of 7.5. Let k > k, where k, is the square mixing parameter for Y. By the
definition of entropy, for N > k suitably large, |Wy (Ay_z)| > e(P(Y)=VollAn) - For N’ =
2N and e = (1,..,1) € Z%, Ay C A}, — Ne and Vol(Ay) = Vol(A},). By Remark 7.3, for
K = V/d- N, there exists i such that for i > 4; and V € §(i), we have (1 — €)Vol(V) <
Vol (V).

Since the collection {AL, — Ne + N'v},czq is a cover of R? by disjoint sets, for a convex
polyhedron V and K = v/d - N’ there exists a finite set A C Z? such that the set {AT, —
Ne+ N'v}yea is a cover of Vi (by disjoint sets) and each AL, — Ne+ N'v C V for v € A.
So {Ax + N'v},eca is a collection of disjoint sets and each Ay + N'v C V.

Square mixing guarantees that for each n € Wy (Ax_x)*, there exists a word w € Wy (V)
such that w‘AN_HNIU = 1. Thus Wy (V)| > |Wy(An_i)|* where L = |A|. Since

UUEA(AE, — Ne + N'v) C V is a cover of Vg by disjoint half-open d-cubes we have
L-Vol(A},) _ Vol(Vg)
>

> 1 — €. Putting these facts together we get

Vol(V) = Vol(V)
log|[Wy (V)| L-log|[Wy(Ay—i)| Vol(Ay) Vol(AY,)
Vol(V) - Vol(V) Vol(An) Vol(AY)

log ’Wy(AN,k”
2 T Volhy) 79

(R(Y) = €)(1 —¢) > h(Y) — €.

v

Proof of 7.2. Since W is a marker for Y in Z it has a marker shadow size M’. Let
k > k, and suppose N > M’ is large enough that [Wy (Ay_g)| > eP()=VolAN)  [et

N’ = 2N. By Remark 7.3, for K = v/d - N’ + 2, there exists i; such that for ¢ > i; and
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V € §(i), we have (1 —e)Vol(V) < Vol(Vg). For i1 > 2(vd- N +3),i > i and V € §(4), if
B(0,i/2) C V, then Ay C V.

There exists a set A C Z¢ such that 1) the collection {A}, — Ne + N'v},c4 is a cover
of V. (by disjoint sets) and each AY, — Ne + N'v C V5 for v € A, and 2) the collection
{AN + N'v}yea is a collection of disjoint sets such that for each v € A, Ay + N'v C V.
We may arrange to have 0 € A. (It is not inconceivable that 0 ¢ A, but we can choose A
such that 0 € A without any impact on the foregoing.) Moreover (letting L = |A|), for iy

large enough, i >4, and V € F(i) we have L1 > 1 —e.

L-|Vol(AT) N Vol(Vi)
Vol(V) = Vol(V)

By 1) we have >1—e. Fori>1i; and V € §(i) with B(0,i/2) C V,
by square mixing and 2), for every u € Wy (0V;") and n € Wy (An_x)*\" there exists a
word w € Wy (V") such that w| = u, and w| = 1, for all v € A\0. That
8V1+ An_ip+N'v
is, w € W (V;h) and there is an injection from Wy (Ay_j)*\ into WE(V;F). Since W is
a marker symbol for Y in Z, N > M’', and Ay C Vi \ Upeayo (An + N'v) there exists
w' € Wz(V{") such that w' = w on V\App and w, = W <= i = 0. That is,
w' € Wz(Vi7;0,W). Because w' = w on V" \Ayp, w' € Wz (ViH;0,W) N WE(V]) and we
have an injection from Wy (Ay_;)*\ into Wz (V;0, W) N WE(V]). So [Wz(V];0, W) N
WEWV)| > Wy (Ay_x)|F~L. Thus we have
log [WE (V) N Wz (V50 W)| (L —1) log|[Wy(Ax—s)| L-Vol(Ax) Vol(A},)
Vol(V) = Vol(V) L-Vol(Ay) Vol(ALy)

log [Wy (An—k)|
- VOZ(AN)

h(Y) —€".

(1-¢)?

v

8. CONSTRUCTING A Z% EMBEDDING: THE PROOF.

We are now ready to complete the proof of Theorem 2.5, demonstrating the sufficiency of
the entropy gap (outlined at the end of Section 2). We assume the conditions of 2.5. Namely,
let X be a non-periodic Z? subshift, Z a Z¢ FOSM SFT, and ¢ : X—Z a homomorphism.
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Suppose h(X) < h(Z) and € > 0 is such that h(X) 4+ € < h(Z) — €; we will produce an
embedding ¢ : X — Z.

Since Z is a nontrivial FOSM SFT, by Theorem 5.1 there exist My and Wy € Wz(Aay)
such that Y = {z € Z : z‘AJMO‘i"U # Wo ¥V v € Z%} is a nonempty FOSM SFT with Y C Z
and h(Y) > h(Z) — e. Moreover, since ¢(X) C Z is a subshift we may assume ¢(X) C Y.

By Lemma 6.3 there exist M; and a word W1 € Wz (Apr, )\Wy (Aps, ) such that Wi is a
marker for Y in Z. By Lemma 6.2 we may recode using W (A, ) to form the conjugate
subshifts ¥ and Z and the marker symbol W, € W5 (A1)\Wp(Aq) for Y in Z. Moreover,
picking M; large enough we may assume Y and Z are matrix SFTs. Since Y is conjugate
to Y there is a homomorphism ¢ : X—Y and h(Y) = h(Y), and likewise h(Z) = h(Z).
Dropping the “hat” we have that Y and Z are matrix FOSM SFTs with Y C Z, h(X) <
h(Y), ¢ : X—=Y is a homomorphism and W; € Wz(A1)\Wy (A1) is a marker symbol for Y
in Z with marker shadow M’.

By Corollary 7.2.1, there exists mgo such that for every 2 uniform family of convex poly-
hedrons U (i), m > ma, V € F(m) with B(0,m/2) C V and u € Wy (9V;) there is an
injection W(u) : Wx(V) — W2V} N Wz(V;;0,W1). For m > max{ma,Vd/2} fixed,
according to Lemma 4.4, there exist M and a clopen set F(m,M) C X (which we now
fix) such that for each x € X the set M, € M,,. By Remark 4.3 the map = — M, is
continuous and shift commuting.

By Lemma 3.5 we may conclude that = — 9B,,(M,) is a continuous shift commuting
map, B,,(My) is a regular §,, covering of R? and for each (V,v) € B,,(My), v € M,
and V is a convex polyhedron with B(0,m/2) C V C B(0,2m). For each (V,v) €
U (My), the word ¢(I)‘8V++v € Wy (dV) + v) and x‘w_v € Wx(V +v). Thus, the

1

word \Ij(qs(x)‘avjﬂ)(w‘\/%) € Wz (Vi + vyv,Wi) N W2V + v) where u = aﬁ(:p)‘aww.

Because of this we may make the following definition.
Definition 8.1. For each x € X and (V,v) € U, (My) define

P()| = U(o(x)|

T .
Vi +o avlﬂrv)( ‘V+v)
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1 will prove to be the embedding desired in Theorem 2.5 which we shall show by means

of three lemmas.
Lemma 8.2. For each x € X, ¢¥(x) is a well-defined point in Z.

Proof of 8.2. To show ¢ (z) is well defined suppose (V,v),(V',v") € V,,(M,) are

distinct; thus Vi" + v NVt +0 = 0V +0n oVt + o', Because 9 (x)| = ¢()|

Vftv oVy +u

for (V,v) € B,,(M;) we have

()|

Vit AV +onavit 4

Vit ‘Vf +v

Thus ¥(x) is well defined.

vi++v/

Because Z is presented by matrices and because each adjacent pair of vertices (e.g. v
and v + ¢; for 1 <i < d) is contained in V1+ + v for some (V,v) € U, (My), it follows that

Y(x) € Z since each ¢(z)| . is Z allowed. |
Vi +v

Lemma 8.3. The map ¢ : X — Z is shift commuting and continuous.

Proof of 8.3. We begin with the commutativity; ¢ (c%z) = o¥(z). Observe (V,u) €
Uy (Mz) = (V,u—v) € Bp(Mgvy). Recall, 0¥z| A= a”(z‘A) and 0" A=A —wv. So
for (V,u) € U, (M)

(U_v¢(avx))‘vf+u =0 <w(gv$)vf+u—v) i <\p(¢(gvx)avi+u—u) (U%Vﬂ—“))

= o <xp<a“(¢><x)8vl++u>> (0”(%+u)>>

= \Ij(qb(x)‘avﬁv) <$‘V“‘>

= y(@)

V1++u
or Y(o¥z) = o P(x).

Continuity. Given k there exists ko > k such that if x =y
A,y Ay

then ¢(x) and ¢(y)

agree on Agy4m+1. By the continuity of the map = +— U, (M,) we know there exists kg > k

such that if x‘A = y‘A then U,,(M;) and U,,(M,) agree on Fp, X Apiom,. Hence for
k3 k3

k4 > max{ks, k3, k+4m+1}, z and y with I‘A = y‘A and (V,v) € B, (M
kg 4

k :C) ‘ngAk+2'm
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‘Um(My)‘SmxAka we have that <]§(a:)‘v1++v = ¢(y)‘v1++v. Since a:‘AkaH — y‘AkaH,
then x‘wr = y‘wr and hence

V@), =) e, )= e ), ) = v
Thus ¥ (x) and 9 (y) agree on Ay. |

Let us address the injectivity with the following lemma.

Lemma 8.4. Given u € Z% and x,y € X, if £, # yu then there exists w € B(u,6m) such

that ¥(x)y # V(y)w. Hence 1 is an injection.

Proof of 8.4. First, suppose M, N B(u,6m) # M, N B(u,6m). Specifically, suppose
v € My N B(u,6m), but v ¢ My N B(u,6m). From the definition of 1(z) we have w €
M, = Y(x)y = W thus Y(z), = Wi # ¢Y(y)e.

On the other hand, suppose M, N B(u,6m) = M, N B(u,6m). Then u € (V + v)
for some (V,v) € Uy, (Myz). We claim: (V,v) € U, (M,), as well. To see this, observe 1)
(V,v) € U, (M) implies v € M, and i) the Voronoi tile V), associated to v with respect to
M, is determined by M, N B(v,4m) and V,, = V +v. Now, because d(u,v) < 2m it follows
that M, N B(v,4m) = M,NB(v,4m) which implies i) v € M, and ) since the Voronoi tile
V), associated to v with respect to M, is determined by M, N B(v,4m) = M, N B(v,4m),

that V), =V 4+ v. Thus (V,v) € Ty, (M,).

Either ¢(x = or not. If not, then
o )‘QV;F-‘FU qﬁ(y)‘avfw
T = V(o(x T = o(x = .
W )‘6V1++v (9 )‘avfﬂ)( ‘V+v)‘avf+v i )‘avfﬂ (y)‘avlﬂrv w(y)‘avﬁw

If so, then since x‘wr + y‘wr we may now check
v v

()]

I
by
>
&

T
Vi 4v 8v1++v) ( ‘V+’v)
BVf—‘rv)(y‘V-‘rv)

8Vi"+v) (y ‘ V—‘rv)

Il
<
—~
<

=

Vf"—l—v.
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Thus for some w € V;' + v C B(u,6m) we have ¥(x),, # 1 (y)w as we wanted to show. m

In conclusion % is a continuous shift commuting injection from X into Z which completes
the proof of the sufficiency of the conditions in Theorem 2.5. We recall, when addressing
the necessity of the entropy gap, that periodic point considerations guarantee that any
embedded image ¢(X) C Z of a non-periodic subshift X into a square mixing SFT Z will
always be a proper embedding. The entropy minimality of square mixing SFTs will then

allow us to conclude h(X) < h(Z), thus finishing the proof of Theorem 2.5.

9. SM SFTs AND THEIR PROPERTIES.

Lemma 9.1. A SM SFT is entropy minimal.

Proof: Let X be a SM matrix SFT. Let B,, = AIH N Z% be the d-cube in Z¢ with

sides of length n. We can rephrase the definition of square mixing with a new value k

such that for n > k and z,y € X there exists z € X such that y‘zd\B = Z‘Zd\B and

z| = #|
B, _oitke By _optke
If we have a subshift X’ ¢ X there exists a word oo € Wx (By,)\Wx(By,) for some m > 0.

where e = (1,..,1).

Let K = 2(k+1)+m be an integer and let € < WIBK)I‘ Let O0Bg = Bg\(Bi—2+e€) and let
vt =v+e. For any A C Z¢ such that Bx +v C A for some v € Z% let C = A\(Bg_2+v7).
That is CU (Bg +v) = Aand CN (Bk +v) = 0Bk + v.

For each du € Wx (9Bk) let W{(C) = {w € Wx(C = OQu}. Similarly, let

) :w‘aB +
KTV
W (Bk) = {w € Wx(Bkg) : w‘aBK = Ju}. Then

Wx(A)= Y [W(Bx)| - W ()
OueWx (0B )

and similarly
Wx(Al < Y IWBK)|- W C).
OuEW ./ (0BK)

, : ou —
For any ou € Wx/(0Bk) there exists v € W*(Bk) such that u‘Bm+(k+1)e a due to

square mixing. Thus we have

W (Bx)| < [WR"(BK)| — 1 < [W(B)|(1 - o).
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Since Wx/(0Bg) C Wx(0BF) the above inequalities yield |Wx/(A)| < |[Wx(A)|(1 —€).
Let M = Kn, let F and G be a partition of Ay NZ? (i.e. FUG = Af NZ% and
FNG=0). Observe {Bx + Kv},cp+qz4 is a cover of By where the intersection of distinct
elements contains at most elements of the boundaries of the sets Bx + Kv. Square mixing
implies that for any word w' € Wx(|J Bk + Kv) and any function f : F — Wx(Bp,),

veG

there exists a word w € Wx(Bjs) such that w‘B s Ky f(v) for all v € F and
m e v

w" for all v € G.

w
‘BK+K® Brg+Kv

J
Index the elements of A}t NZ% as v; for i = 1 to n? and define Go = 0 and G; = U {v;}
i=1

for j =1ton. So Gj—1 & Gj and G« = A} NZ%. Let F; = (A} N Z%)\G;. Define

nd —

Wx:[G;] = {w € Wx(Bp) : wis X’ allowed on U Bk + Kv}.
veG;

Now G; = Gj—1 U {v;}, so
Wx:[Gj] = {w € Wx/[Gj_1] : w is X" allowed on By + Kv;}.
And so like the calculation for A above we have

(W [Gy]] < (1 = €)|[Wx/[Gj-1]].

Thus
(W (Bu)| < (1— o)™ [Wx(Bag)l.
Hence
log |[Wx+(Bay)| < nd log(1 —€) = log|Wx(Ba)|
Md ST hdgd T Md
and thus 2(X') < 8179 4 p(X) < n(X). n

The proof of the following lemma does not extend to d > 2. Whether the lemma holds

for d > 2 is an open question.

Lemma 9.2. A Z? square mizing SFT contains a finite orbit.
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Proof. Let H- = {(k,]) € Z? : k < 0}, H" = Z>\H~ and V = {(0,k) € Z* : k € Z}.
Let X be a SM matrix SFT with square mixing gap parameter k.

Claim. For any z,y € X there exists z € X such that Z‘H_ = x‘H_ and
| - y‘H++(k,0)’

To prove this we observe that by square mixing for n > k there exists a point z, € X

H++(k,0)

such that zn‘ = x‘ and zn‘ = y‘ .
Z2\(Ap+1+(n,0)) Z2\(An+41+(n,0)) Apy1-k+(n,0) Apt1-+(n,0)

compactness, the set {zy},>n has an accumulation point z and one can check that such a

By

point z satisfies the claim.

Now given y and z = o**1.9)y the point z (given by the claim) has the property that

= z| t L(j) = {(i,j) € Z*: 0 <i < k}. The set

Z‘V—(l,O) V+(k,0)

HY\(H" + (k+1,0)) = | J L()
JEZ

is an infinite vertical strip. So z‘L( ) = Z‘L( . for some pair of distinct integers j and 5’
J J

)

(suppose j < j'). Let L(j,5") = z:jl L(j). The word A = z‘L(, ’ may be used to con-
7o

struct a periodic word. For K =k + 1 and J = j' — j, the set L(j, ;') is a K x J rectangle

of lattice points, so Z2 = Upnmyezz L3, J') + (mEK,nJ). If we define x‘L(. N mEnd) A
’ 33" )+(mK,n

it should be clear that z has a finite orbit and that our choice of A guarantees that x is

locally X allowed. n
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