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ABSTRACT. Part II. Krieger’s embedding theorem for Z mixing SFTs is extended to a Z?2
case. We prove: if X is a non-periodic subshift (¢c'z =z = v =0 € Z?) and Y is a Z?
square filling mixing shift of finite type, then there exists a homomorphism X—Y. The
proof is a construction which begins by constructing Voronoi tilings using techniques from
Part I. A tiling by Delaunay polygons is derived from the Voronoi tiling. The union of
the boundaries of the Delaunay polygons (referred to as the Delaunay graph) is itself tiled
by trees. Words painted on the thickened trees combine to form words on the thickened
infinite Delaunay graph. It is the point and sole purpose of square filling that words on
such thickened infinite graphs will correspond to points in the target space.

Combined with the results of Part I this gives us the Z?2 extension of Krieger’s Embedding
Theorem: if X is a non-periodic subshift and Y is a Z? square filling mixing shift of finite
type, then there exists an embedding X — Y if and only if A(X) < h(Y'), where h denotes
the Z? entropy. The techniques developed here play a central role in the proof of an
embedding theorem for general Z? subshifts into square filling mixing shifts of finite type
which will be carried out in a subsequent paper.
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1. INTRODUCTION

In this paper we continue the program begun in Part I [L] of developing an extension of
Krieger’s embedding theorem to the Z2 case. For motivation see Part I. Here, we address
the existence of homomorphisms from non-periodic Z? subshifts into SFTs. A subshift X is
non-periodic if for every € X, 0¥z = z implies v = 0. As mentioned in Part I, there is a
rich supply of non-periodic Z?2 subshifts [Ro]. A Z?2 matrix SFT Y is said to be square filling
if for k and [ suitably large, a locally Y allowed word u on the annulus A;\A; j implies the
existence of a Y allowed word w on A; which agrees with u on A;\A;_1. In this paper the
primary result is, if X is a non-periodic Z? subshift and Y is a square filling mixing SFT
then there exists a homomorphism ¢ : X =Y.

Combined with the results of Part I we have the following Z? extension of Krieger’s
embedding theorem. If X is a non-periodic Z?2 subshift and Y is a square filling mixing
SFT, then there is an embedding X < Y if and only if h(X) < h(Y) where h is the Z2
entropy.

The primary result (Theorem 2.8) is not merely an academic exercise. The techniques
used here are foundational and essential. They will be applied and extended in a subsequent
paper where we prove for any Z? subshift X and square filling mixing SFT Y, if there exist
homomorphisms of the finite orbits of X into Y, then there exists a homomorphism of
X into Y. This is a preliminary step to a Z? extension of Krieger’s embedding theorem
which embeds arbitrary subshifts into square filling mixing SFTs given certain necessary
conditions.

This paper is organized as follows. In Section 2 we present the necessary definitions and
we present our results. The proof of the primary result consumes most of the paper. This
proof is a construction that begins (in Section 3) by revisiting a technique detailed in [L]
which constructs a clopen marking set that returns to itself regularly under the action of
the shift. This set is used to construct a continuous shift commuting map z — M, whose
image is a “regular” subset of Z2. From each such subset M, we derive a Voronoi tiling

and then a Delaunay tiling.



Section 1 3

Voronoi tilings and Delaunay tilings have a sizable literature (see [OBS], [A] and their
references), however to the author’s knowledge no one has addressed the content of Theorem
6.1 (specifically Parts 5 and 6). It is not that Theorem 6.1 is difficult, it merely seems to
be a direction that has not been of much concern. To provide a proof of Theorem 6.1 we
need an agreeable place to begin. Thus, in Section 4 we define a linear graph and gather
together a few facts about Voronoi tiles which are essentially known and easily proven. In
Section 5 we define Delaunay polygons and prove several relevant results about them, one
of which allows us to conclude that there exists a continuous shift commuting map from any
non-periodic subshift to the space of tilings of R? with Delaunay polygons. In Section 6 we
prove that the infinite linear graphs formed by the unions of the boundaries of the Delaunay
tiles of such tilings of R? may themselves be tiled by tree prototiles. More importantly, we
show (for relevant circumstances) that the intersection of the neighborhoods of two distinct
such tree tiles is simply a ball (or empty).

In Section 7 we exploit this tree tiling with “simple” neighborhood intersections to con-
struct words on the tree-tile neighborhoods which agree on their intersections. We use these
words to paint symbols on a neighborhood of the Delaunay tiling boundaries. It is the sole
point and purpose of square filling that such words extend to points. How square filling
guarantees this extension is detailed in Section 8. In Section 9 we combine the various
results to construct our desired homomorphism and thus complete the proof of our primary
result. In Section 10 we comment briefly on the possibilities of extension to d > 2 and in
Section 11 we give some examples.

This paper is a consequence of a project which has been going on for several years during
which I have accumulated several debts which I would like to acknowledge. I would like to
thank Mike Boyle for many discussions and support during the time in which the ideas in
this paper were being worked out and most recently for offering suggestions on an earlier
version of this paper. I would like to thank Klaus Schmidt and the Erwin Schrédinger In-
stitute for their warm hospitality and I would like to acknowledge the Fonds zur Forderung
der wissenschaftlichen Forschung (FWF) for financial support during the year 1998-99 (re-
search grant number P12250-MAT). Finally, I would like to thank the Pacific Institute of
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Mathematical Sciences (PIMS) and the University of Victoria for support during the years
1999-2001.

2. DEFINITIONS AND RESULTS.

For z = (z1,29) € R? let ||z refer to the Euclidean norm of z, and let ||z|/sup =
max{|z|,|z2|}. For two points z,y € R? let d(z,y) = ||z — y||. We will regard Z? as
naturally embedded in R? thus inheriting the above norms and distance function. For
r>0and v € R? let B(v,r) = {t € R? : d(v,t) < r}, and for Kk € N and v € R? let
Ap+v={t €R: ||t —v||sup < k} (writing Ay = Ay + 0 and Ag\0 = A,\{0}). For A C R?
we will let A denote the closure of A and OA denote the topological boundary of A with
respect to the topology induced by the metric d. So B(v,r) = {t € R? : d(v,t) < r}.

Let S be a finite set of symbols and let SZ be the set of maps from Z? to S with the
product topology. The group Z? acts naturally on SZ* and this action is referred to as the
shift on S%°. Specifically, an element g € Z? takes z € S%% to the element 097 € S%” where
(09%)y = Tgtv, YV € Z2. The map o9 acts homeomorphically on the set SZ* with respect
to the product topology. A closed shift invariant subset X C SZ% is called a Z2 subshift.
For X and Y subshifts, a continuous map ¢ : X — Y which commutes with the shifts on
X and Y is called a homomorphism. A surjective (injective, bijective) homomorphism is
called a factor map (embedding, topological conjugacy). A Z? subshift X is mizing if for
any pair of non-empty open sets U and V, we have U N c?V # () for all but finitely many
g €72

For A C Z? and z € S%° let w‘A be the element of S formed by the restriction of z to
A. For a Z2 subshift X C S%2” let Wx(A) = {w € S4: Iz € X such that x|, = w} which
we call the set of X allowed words on A. If B C R? we let :1:|B = $|BOZ2. Similarly, we will
write Wx (B) = Wx (BN Z2). If the cardinality of A C Z2 is finite (written |A| < oo) then
we say w € Wx(A) is a finite word, otherwise we say w is an infinite word. The property
of mixing may be expressed with finite words: for A C Z? finite and for u,v € Wx(A) and
for all but finitely many g € Z? there exists € X such that z|, = u and (o9x) =Y (we

say x exhibits u and v separated by g).
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It will be useful to have a notion of a shift on words. For A C Z? and v € Z2, define
oA ={a—v:a€ A} = A—v. Forwe S and v € Z2, let us define o’w € 74 as
(0%w)y = Wyty, YV u € o?A. This allows us to write J”(:B|U) = (o) o If A # oV A, then
SA and §7°4 are distinct, which means that Wx (A) and W (o¥.A) are distinct, nonetheless

when A is finite we will not hesitate to identify their elements.

Definition 2.1. A Z2 subshift Y C SZ° is a shift of finite type (SFT) if there exists an

n > 0 such that
Y ={ze8 4, ., €Wy(\,)VoveZ?. (1)
We say Y is A, scaled.

Remark 2.2. The property of being a Z? SFT is preserved under conjugacy but its scale

is not.

If Equation 1 holds with some other A C Z?2 substituted for A,, then we say Y is A
scaled. For example we will speak of an SFT as being [1,k]? scaled. We say Y C S7% is a
72 matriz SFT if for some pair A and B of |S| x |S], 0-1 matrices we have Y = {y € % :
A(Yo, Yvire;) = 1 and B(Yy, Yore,) = 1 V v € Z?} where e; and ey are the standard unit

vectors generating Z2. It is well known that any SFT is conjugate to a matrix SFT.

Definition 2.3. For an SFT Y C S%” and subsets B,C c 72 (with B+ u C C for some

u € Z2) let

loc(B)

Wy (C) ={we S°: Wy € Wy (B +v) whenever B+ v C C}

be the set of B locally Y allowed words on C.

In a typical application Y is a [I,k])? scaled SFT, 2N + 1 > k, and we work with

2
Wy ™ (Ay). Tt is one of the hallmarks of Z2 SFTs that in general for an Ay scaled
SFT Y and (N > k) we have Wy (Ayx) G W}lfc(Ak)(AN). Determining when an element of

the larger is found in the smaller is in general not decidable [B]. If Y is a matrix SFT and
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C C Z2, we will let W;;C (C) denote the collection of words on C which are locally allowed
according to the matrices.
We now formulate a stronger mixing-like condition for Z? subshifts which incorporates

the geometry of Z2. See Figure 1.

Definition 2.4. For0<k <k < I,aSFTY is (E,k,l) square filling if Y is [1,79\]2 scaled

toc([1,%]2)

and whenever K > [ and u € Wy

toc([1,%]2)

(Ax\AK_) there exists w € W, (Ag) such

that u| =w| . We say an SFTY is square filling (SF) if Y is (/k\, k,l) square
Ax\Ag_z Ax\Ag_z
filling for some k, k and .
The complexity of this definition has two sources. First, square filling is intended to

be a local construction tool and the presence of the parameter % ensures this. This is

demonstrated in Section 11, Example 2. Second, it is intended that the following remark

should hold.

Remark 2.5. The property of being a square filling SFT is preserved under conjugacy.

FIGURE 1. Square Filling.

k
N

A compelling (though less precise) restatement of the definition of square filling is, if u is
a locally allowed word on a square annulus which can be filled in part way, then it can be
filled in all the way. If Y is a Z2 matrix SFT, then in the definition we need only require
1<k<lLiue W}lfc(AK\AK,k), w € W}lfc(AK) and that v and w agree on Ag\Ag_1. In

this case, we refer to Y as a (k,[) square filling matrix SFT.
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Definition 2.6. A subshift X such that = # oPz for every z € X and p € Z2\0 is called

non-periodic since it has no periodic points.

Remark 2.7. A nonempty Z? SFT is non-periodic if and only if it has no finite orbits.
This is in contrast to Z subshifts where a Z SFT is empty if and only if it has no finite

orbits.

Non-periodic subshifts are plentiful. Indeed, suppose X and Y are subshifts and let
Z = X xY where for z = (z,y) we let 6’z = (6", 0"y). Since 0¥z = z if and only if both
o'z =z and o'y = y, the product space Z is non-periodic if either X or Y is non-periodic.
Since entropy is additive under the formation of products, the existence of zero entropy
non-periodic subshifts [M, Ra] implies the existence non-periodic subshifts of every entropy.
With the embedding result (Theorem 2.13) we can conclude that every square filling mixing
SFT contains an uncountable number of non-periodic subshifts.

In this paper we will prove the following via a construction.

Theorem 2.8. If X is a non-periodic Z? subshift and if Z is a Z? square filling mizing

SFT, then there exists a homomorphism X—Z.
Closely related to square filling and much easier to work with is the following.

Definition 2.9. A Z? subshift Y is square mizing (SM) if there exists k such that whenever
k> E, n > 0 and z,y € Y then there exists z € Y such that z| =z| and z| =
An An Z2A\ Ay,

Y| . We refer to k as the square mixing parameter.
Z2AA g

Remark 2.10. The homomorphic image of a square mixing subshift is square mixing.
Lemma 2.11. Let Y be a Z? mizing SFT. If Y is square filling, then' Y is square mizing.

In Section 8 we develop a technique for square filling mixing SFTs called stitching. Since
stitching provides a nice way to prove Lemma 2.11, we will defer the proof of it until then.
The converse of Lemma 2.11 is not true, which we demonstrate with an example in Section

11. In Part I [L] we proved the following.
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Theorem 2.12. Let X be a non-periodic Z% subshift, let Z be a 7.% square mizing SFT and
suppose there exists a homomorphism ¢ : X—Z. Then there exists an embedding X — Z

if and only if h(X) < h(Z), where h denotes the Z% entropy.

Together these results give us the following.

Theorem 2.13. Let X be an non-periodic Z> subshift and let Z be a Z? square filling

mizing SFT. There ezists an embedding X — Z if and only if h(X) < h(Z).

We finish this section with an outline of the proof of Theorem 2.8. We begin (in Section
3) by reviewing a technique detailed in [L]. For m > 1, we define 9, as the collection of
all subsets M C Z? with the properties that 1) B(v,m) N M = {v} for all v € M and 2)
for every v € Z2, B(v,m) N M # (). The technique constructs a clopen marking set F that
returns to itself “regularly” under the action of the shift. This set is used to construct a
continuous shift commuting map z +— M, = {v € Z? : 6%z € F} € M,,.

From each subset M € 9, we derive the Voronoi tiling {(V,,v) : v € M} where
Vy = {r € R? : d(r,v) < d(r, M)}, and then we derive the Delaunay tiling. For p € R?
let M(p) = {v € M : d(p,v) = d(p, M)}. The Delaunay tiling is the set {(H(M(p)),p) :
|M(p)| > 3} where H(A) denotes the closed convex hull of a set A C R?. In order to provide
a proof of the central result of Section 6 (Theorem 6.1) we collect together (in Sections 4
and 5) a few useful and easily proven results about Voronoi and Delaunay tilings, including
the fact that (in these circumstances) both Voronoi and Delaunay prototiles are convex
polygons.

In Section 6 we define the Delaunay graph to be the infinite linear graph formed by the
union of the boundaries of the Delaunay tiles which cover R2. We introduce Delaunay
edges, show they are “exterior chords,” and show that the boundary of each Delaunay tile
is the union of such edges. Recognizing Delaunay edges as exterior chords allows us to
quickly conclude that Delaunay edges only intersect at their endpoints, if at all, and that
disjoint Delaunay edges are uniformly (with respect to m) separated. We use the Delaunay
edges to construct a finite set ¥, of tree prototiles which we may use to tile the Delaunay

graphs (in a continuous and shift commuting manner). Moreover, we take advantage of the
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uniform separation of the Delaunay edges to show the intersection of the neighborhoods of
two distinct such tree tiles is simply a ball (or empty).

In Section 7 we exploit these tree tilings (with the above nice neighborhood intersections)
to construct words on the tile neighborhoods which agree on their intersections. Briefly,
we pick a locally allowed word « and, for each tree prototile, use square mixing to “place”
in a point y € Y a copy of a at each of the terminal vertices of the tree. (See Figure 8.)
Restricting the resulting point to a neighborhood of the tree gives us a word. We use these
words to paint symbols on a neighborhood of the Delaunay tiling boundaries. As mentioned,
it is the sole point and purpose of square filling that such words extend to points.

In Section 8 we detail how square filling guarantees this extension. Briefly, if Y is a
mixing matrix SFT and if Y is square filling, then Y is “filling” on more general shapes,
in particular, convex polygons. That is, for suitably “large” convex polygons if a word is
locally allowed on a neighborhood of the boundary of the polygon, then there exists an
allowed word on the whole polygon which agrees with the original word near the boundary.

Finally, in Section 9 we choose appropriate values for a few parameters which allow
the results of the previous Sections (3-8) to hold simultaneously. Then we formalize the
definition of the desired homomorphism and show it has the desired properties. Roughly, we
have tiled the plane with Delaunay tiles and painted locally allowed words on a neighborhood
of the union of the boundaries of these Delaunay tiles. Thus, each Delaunay polygon is a
convex polygon with locally allowed symbols painted on a neighborhood of its boundary.
Square filling allows us to “fill the symbols in” giving us a word on the Delaunay polygon
which agrees with the original symbols near the boundary. Together, the words on the

polygons in the Delaunay tiling form a point in the image.

3. MARKERS AND VORONOI TILINGS.

In this section we review a sequence of definitions and results which were introduced and
proven in Part I [L] (and the notation will differ slightly). A word w € Wx (Ajs) is said to
be j periodic if for every pair v,v + j € Aps we have w, = w,4;. For a Z? subshift X and

positive integers m and M with 0 < m < M, let {w;}X, be an enumeration of the following
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set of words.
{w Y| = {w € Wx(An) : w is not j periodic for any j € B,,\0}, (2)
where By, = B(0,m), the closed ball of radius m. Let (w;) = {z € X : x|, = wj }.
M

Algorithm 3.1. For 0 < m < M and an enumeration of words {w;}X , we construct
the set F(m,M) C X as follows. Let F; = (w1), for 1 < n < K let F, = F, 1 U

((w,)\ U 0’F,_1), and let F(m,M) = Fg. .
Jj€Bm

Reindexing the words {w; }X | may produce a different set F'(m, M) but any such F(m, M)
will be adequate for us. We fix F' = F(m, M) and use it to construct for each z € X a set

of markers
My ={veZ?: 6%z € F}. (3)

The map z — M, for z € X is shift commuting (6" M, = Mjv,) and continuous in the
sense that given k > 0 there exists K such that whenever z| =y|, then My =
My‘Ak.

A set M C R? is B,, separated if for every v € M, (B, +v) N M = {v}. A set
M C R? is B, syndetic with respect to Z2 if v € Z2 implies (B, +v) "M # 0. A By,
separated set M C R? which is B,, syndetic with respect to Z? will be called m regular.
Let M, = {M C Z? : M is m regular}. If M C Z2 is B,, syndetic with respect to Z2,

then for every v € R2, (By,q1 +v) N M # 0.

Lemma 3.2. [L] Given a non-periodic subshift X and an integer m > 0 there ezists an

integer M > m such that for any F = F(m, M) and each x € X, the set M, € M,,.

By a polygon P we mean the closed convex hull of a finite set of points whose interior
(P’s) is nonempty. If U is a collection of polygons we say V C U x Z? is a regular U
covering of R2 if i) R2 = |J V +wo and ) for distinct (V,v),(V',v') € V, V +v and
V! + v’ have disjoint interif)‘;’:.) Efiegular U coverings of R? embody our notion of a tiling of

R? by polygonal sets. We refer to the elements of J as prototiles and the sets V + v for
(V,v) € V as tiles.
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Let us define a shift ¢ on the elements of ¥ x Z2. For 8 = (V,u) € ¥ x Z2 and v € Z2,
define 0(B) = (V,u —v). For V C U x Z2 let us write o¥(V) for the set {o¥(8) : B € V}.
Clearly, V is a regular U covering of R? if and only if o (V) is.

We define a topology on collections of regular U coverings in which whenever two regular
U coverings Vi and V, agree on some finite set Y x A,,, then they lie in a common basis
set. Such collections of regular U coverings are subsets of P( x Z?2), where P(.A) denotes
the collection of all subsets of A. Also, when 9 is finite (as it will be for us), U x Z? is
a discrete metric space. For a discrete metric space A define the Bounded Neighborhood
(BN) topology on P(A) as that topology generated by the basis of sets consisting of all
U(a,B) ={B € P(A) : anN B = 3N B} where B C A is finite and « € P(A). With respect
to this topology, the shift map o defined above is continuous.

For v € M C R? the Voronoi tile corresponding to v with respect to M is the set
Vo = {r € R? : d(r,v) < d(r,M)} (where d(u,v) = ||u — v| is the Euclidean metric).
The set {V, }yem covers R? and for u # v, the sets V,, and V,, have disjoint interiors. The

following lemma summarizes a few facts about “Voronoi” tilings generated by sets M € 9,,.

Lemma 3.3. [L] For m > 1 fized, the collection U,, = {V, —v : v € M for some M €
My} is a finite set of convexr polygonal prototiles such that for each prototile V. € Uy,
B(0,m/2) CV C B(0,m+1). In addition, for any M € M, the set V(M) = {(Vy—v,v) :
v € M} is a well-defined reqular B, covering of R? with the following properties.

1) For every v € M there ezists a unique (V,u) € V(M) such that u = v and

V 4+ u is the Voronoi prototile corresponding to v with respect to M.

2) The map M — V(M) is (BN) continuous.

3) V(o M) = 6"V (M).

We refer to V(M) as the Voronoi tiling of R? generated by M and to the set 2, as
the set of Voronoi prototiles. We will follow the convention used here and denote sets
of prototiles with gothic script, the associated tilings with caligraphic script and the tiles

themselves with the usual script.
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4. LINEAR GRAPHS AND THE VORONOI GRAPHS.

In this section we define linear graphs and Voronoi graphs and we present a few results

about Voronoi graphs which will be needed in Sections 5 and 6.

4.1. Linear Graphs. For any pair u,v € R? let [u,v] refer to the line segment between u
and v. By a linear graph G in R? we will mean a pair (V, £) where V, the set of vertices, is a
discrete subset of R? and &£, the set of edges, is such that each edge is the line segment [u, v]
between two distinct vertices w,v € V and such that two distinct edges only intersect at
their endpoints, if at all. If the vertex set of a linear graph G (in R?) is finite, then we will
call G a finite graph. If each pair of distinct vertices can be connected by a finite sequence
of edges, then we will say G is a connected graph. We will call a connected linear graph a
tree if it has no “loops”. We will refer to a vertex which occurs in exactly one line segment
as a terminal vertex. If G = (V,€) is a linear graph, then we will refer to the image of G
as the union of the edges, a subset of R2.

We are not so much interested in linear graphs in any sophisticated graph theoretical
sense as much as we are simply looking for a language. We have an interest in the images of
some linear graphs in R? and we need a language which effectively addresses certain subsets
of these images. Namely, those subsets which are edges and vertices of the underlying graph.
We will speak of the “edges” and “vertices” of the image to refer to the images of the edges
and vertices of the underlying graph.

For M € 9,,, and v € M, each Voronoi tile V,, is a convex polygon, thus V,, is the closed
convex hull of its extreme points. Let V), be this set of extreme points (|V,| < co) and let &,
be the set of line segments [u, w] (for distinct u, w € V,) which do not intersect the interior
of V. Then (V,,€&,) is a linear graph whose image is dV,,. It is this graph which we shall

regard as the graph underlying 0V,.
4.2. The Voronoi Graphs. For M € 9,,, we define G(M) as follows,

GM=  |J V4w
(V0)EVm (M)

The graph underlying G(M) is obtained as follows. For each p € R? we define M(p) =
{v eM:d(p,v) =d(p, M)} and let r, = d(p, M) (thus, M(p) C 0B(p,rp) and M(p) N
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B(p,rp) = 0) where d denotes the Euclidean metric. We let V(M) = {v € R? : [M(v)| > 3}.
For each distinct pair u,v € M we let o(u,v) = {r € R? : M(r) = {u,v}} and we let
E(M) = {o(u,v) : u,v € M are distinct}. It is not hard to show the following (see [OBS]

for related results).

Proposition 4.1. For M € M, the following hold.

i) For each e € E(M) there exist distinct p,q € V(M) such that e = [p,q].

i1) For each e € E(M) there exists a unique pair u,v € M such that e =V, NV, and
conversely if u,v € M are such that e =V, NV, is a line segment then e € E(G(M)).

iii) For each p € V(M) there exist e € E(M) and q € V(M) such that e = [p, q].

i) Fore,f € E(M), enf # 0 if and only if e = [p,q] and f = [q,7] for some p,q,r €
V(M). Ife# f anden f # 0, then e f is a single point.

v) GIM) =J{e:e € EM)}.

In short, the pair (V(M),E(M)) is a linear graph which we refer to as the Voronoi graph
associated to M, though often we will just refer to G(M) as the Voronoi graph. Because
Vim(M) = {(Vy, —v,v) : v € M}, we have G(M) = |J 9V, where each V,, is the Voronoi
tile corresponding to v with respect to M. One can vseh/\(:w the set of vertices (edges) of the
graph underlying G(M) equals the union (over v € M) of the sets of vertices (edges) of the
graphs underlying the dV,,. Conversely, the vertices and edges in the graph underlying each
0V, are those vertices and edges in the graph underlying G(M) whose images are subsets
of V,,.

If N is a discrete subset of the circle S', then for any two distinct points z,y € N there
exist two arcs A1, Ao C S' such that A;NAs = {z,y}. If 1NN = {z,y} or AoNN = {z,y},

then we say = and y are adjacent in S' with respect to A/. The following is elementary to

prove and we leave it to the reader.
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Figure 2. Each pair of distinct elements from

{u,v,w} = M(a) are adjacent in O0B(a,r1) with re-

spect to M(a). Whereas in M(b) = {u,v,z,y} only the

pairs (u,v), (v, z), (z,y), (u,y) are adjacent in 0B(b, ) with

respect to M(b).
Proposition 4.2. If a € V(M) and u,v € M(a) are adjacent in 0B(a,r,) with respect
to M(a), then there exists an edge e = [a,b] € E(M) such that e = Vo, N'V,. And if
e = [a,b] € E(M), then e = V,, NV, where u,v € M(a) are adjacent in 0B(a,r,) with

respect to M(a).

When an edge e = V,, NV, we say e is labelled by u and v, since no other pair of distinct
elements from M can label e. Figure 2 presents a picture of a subset of a typical G(M) in

which the content of Proposition 4.2 is demonstrated.

5. DELAUNAY TILINGS

In this section we define a new tiling, the Delaunay tiling, and prove a few facts about
these tilings which are summarized in Lemma 5.1. For any finite set of points S let #(S)

denote the closed convex hull of S. For each p € V(M) let

which we refer to as the Delaunay polygon associated to p. Because p € V(M) implies

3 < |M(p)| < oo and M(p) C dB(p,rp) (where r, > 0) it follows that D(p) is a convex
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polygon (with a nonempty interior). We might also note D(p) need not contain p. Let
Dm={D({) —p:p€ V(M) for some M € M,,}

and let D, (M) = {(D(p) — p,p) : p € V(M)}. We refer to D, as the set of Delaunay

prototiles and to Dy, (M) as the Delaunay tiling generated by M € M,,.

Lemma 5.1. There exists K > 1 such that for each m > 1 the following holds. The set
D 18 a finite set of convex polygonal prototiles such that each prototile D € ®,, has
B(g,m/k) C D C B(p,sm) for some q,p € R2. Moreover, for every M € M,,, the set
Dy (M) is a well-defined regular ®,, covering of R with the following properties.

1) For every p € V(M) there ezists a unique (D,q) € Dy, (M) such that g = p and

D + q is the Delaunay polygon associated to p.

2) The map M + Dy, (M) is continuous.

3) D (0" M) = 0" Dpp(M).

Proof of 5.1. We begin by proving the finiteness of |9,,|. Given M € 9, and
p € V(M), we have M(p) C Z? and M(p) C 8B(p,r) for some r € [m/2,m+1] (by Lemma
3.3). By a suitable shift, we may assume p € [0,1]? and hence M(p) C B(0,m + 3) N Z2,
of which, there are are only a finite number of configurations, hence there are only finitely
many such p € [0,1]? and H(M(p)) and thus D(p) — p. In sum |D,,| < co.

Let us note the following proposition, the proof of which we leave to the reader because
of its elementary nature. When we say a set V is 1 separated we mean for each pair u,v € V

of distinct elements, d(u,v) > 1.

Proposition 5.2. Let 1/2 <r < 3/2. There exists a € (0,1) such that if P is any (convezx)
polygon inscribed in OB(0,r) whose vertex set is 1 separated, then B(q,a) C P for some

qge P.
Claim 5.3. There exists k& > 1 such that for every m > 1, M € My, and p € V(M)
B(g,m/x) C D(p) C B(p, xm)

for some q € R2.
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Proof of 5.3. Since D(p) = H(M(p)) and since M(p) C 0B(p,rp), each D(p) is a
polygon circumscribed in dB(p,rp) where m/2 < r, < m+ 1 and the elements M(p) are m
separated. Thus, scaling Proposition 5.2 by a factor of m we have, that B(q',ma) C D(p)
for some ¢’ € D(p). Since D(p) is circumscribed in dB(p,rp) for m/2 < r, < m + 1, it
follows D(p) C B(p,m + 2). Letting £ = max{1/a, 132}, the lemma follows. |

The fact that the D(p) : p € V(M) cover R? regularly is well known and straight forward
to prove (see [OBS] for a closely related result) and we will leave it to the reader. We now
address Parts 1, 2 and 3.

1) For p € V(M), by the definition of D,,(M), the only element (D’',q) € D,,(M) with
g=pis D' = D(p) —p. So D' + q = D(p).

2) We use the notation B,, = B(0,n) and M, = MNB,. Given n > 0 and M € M, let
K = max{d(p, M) : p € Bp}. Let M' be such that M/, , .- = My k. Then for each p € B,
we have M'(p) = M(p). Thus |M'(p)| >3 <= |M(p)| > 3, implying V(M'), = V(M),.
For each p € V(M'),, it also follows that D'(p) = H(M'(p)) = H(M(p)) = D(p). Thus
Dpp(M) N (D X By) = Dpp(M') N (D4, x By,) which implies M +— D, (M) is continuous.
For M € 9M,,, since K has a uniform upper bound, we have uniform continuity.

3) Shift commutativity. One can check that for p € R? that o?(M(p)) = (6" M)(c"p)
from which it follows 6" V(M) = V(¥ M) and ¢? D(p) = D(oVp) where D(c"p) = H((c" M)(c”p)).

Applying these to the definitions of o"D,,(M) and Dy, (0¥ M) one obtains equality. |

6. TILING DELAUNAY GRAPHS.

The purpose of this section is to prove Theorem 6.1, the statement of which requires
a little preparation. Let us say a line segment [a,b] is nontrivial if a # b (i.e. [a,b] has
positive length). Recall, by Lemma 3.3 Part 1, for each v € M € 9, there exists a unique
(V,v) € V(M). For M € M, and distinct u,v € M let us call the line segment [u,v] a
Delaunay edge, writing DE(u,v) = [u,v], if the intersection V +vNU +u is a nontrivial line
segment, where (V,v), (U,u) € V,,(M). For later convenience let us extend the notation
DE(u,v) to any pair u,v € M by adopting the convention that if V +vNU + u is not a
nontrivial line segment then DE(u,v) = (). The term Delaunay edge will refer only to those

nonempty DE(u,v). Also for convenience, for (V,v) € V,,,(M), since each V 4+ v =V, the
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Voronoi tile corresponding to v with respect to M, we will often simply write V,, instead of
V+w.
For each distinct pair u,v € M for which there is a Delaunay edge (DE(u,v) # ) let py,
be the midpoint of DE(u,v). We will refer to [u,py,] and [v, py,] as Delaunay half-edges.
For each M € IM,,, and u € M, define

T,

U [ pwl

DE(u,v)#£0
and let ¥, = {Ty —uv:ue M e My,}. For M e My, let

Tm(M) = {(Ty, — u,u) : u € M}.
For each M € M, define the Delaunay graph DG(M) associated with M as follows
DG(M) = U 0D + v.
(Dw)EDm (M)
Since |9,,| < oo and since the map M +— D,,(M) is continuous and shift commuting so
is the map M ~ DG(M). For any subset A C R? and K > 0 recall Ag := {r € R? :
d(r,A) < K}.

Theorem 6.1. For m > 2 and M € M, the following hold.
1) Each T € %, is a tree.
2) DGIM) = U{T +d: (T,d) € T,(M)} is the image of a linear graph.
3) For distinct (T,d),(T",d') € Tm(M) the intersection (T +d) N (T + d') is either,
empty or a single point p, and in the latter case p is
i) a terminal vertez of both T +d and T' + d', and
i1) the midpoint of an edge in the graph of DG(M).
4) The map M—T(M) is BN continuous and shift commuting.
Given K > 0 there exists mg such that for m > mg and M € M, the following hold.
5) For T € X, if p,p’ are distinct terminal vertices of T, then B(p, K)NB(p', K) = .
6) For every (T,d),(T',d') € Tm(M) distinct, the intersection (T +d)g N (T + d')k is
either empty or is B(p, K) where p= (T +d) N (T' + d').

The proof of 6.1 is quite elementary, nonetheless we feel it should be included. Before we

begin the proof, a brief digression is in order.
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6.1. Exterior Chords. By a circle C we mean 0B(p,r) for some p € R? and r > 0. By
the interior B of C we mean B(p,r). A chord in C is a line segment whose endpoints both
lie in C. By a chord in C exterior to the circle C' we mean a chord in C' whose endpoints
lie in C\B' where B’ is the interior of C’. See Figure 3. By the interior of a chord we mean

the chord minus its endpoints. The reader may verify the following two propositions.

Figure 3. The chord [ in C is exterior to C’

(and !" is a chord in C' exterior to C), but 1"

is a chord in C' which is not exterior to C.

Proposition 6.2. For any two distinct circles C and C" suppose | is a chord in C exterior
to C' and suppose l' is a chord in C' exterior to C. Ifl # 1’ then | and the interior of I' are

disjoint, as are I' and the interior of I.

We say a circle C has radius r if C = 0B(p,r) for some p € R2. For a line segment [ let

V() denote its endpoints and let |I| denote its length.

Proposition 6.3. There exists a K' > 1 such that if C and C' are distinct circles whose
radii lie in the interval [3,3] and if | and I' are any two chords such that | is a chord
in C exterior to C', ' is a chord in C' exterior to C, and |l|,|lI'| > 1, then d(l,l') >

av(),v())/K'.

Claim 6.4. For M € IM,,, each Delaunay edge | is a chord in a circle C with radius
r € [B,m+ 1]. Moreover, for any pair of distinct Delaunay edges, | and I', there are
distinct circles C and C' (with radii r,7" € [m/2,m+1]) such thatl is a chord in C exterior

to C' and !' a chord in C' exterior to C.

Proof of 6.4. (See Figure 4.) Since | = DE(u,v) is a Delaunay edge, V;, NV, is a
nontrivial line segment; call it e. By Proposition 4.1 Part i, e € £(M) and (by Part 7)
e = [a,b] where a,b € V(M) are distinct. Now a,b € V;, NV, and hence u,v € M(a) and
u,v € M(b), so DE(u,v) = [u,v] is a chord in both 0B(a,r,) and 0B(b,7p). Similarly
I'!=DE(u',v") is a chord in 0B(a’,ry) and 0B(Y, ry) for similar a’,b' € V(M).
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Figure 4. Voronoi Tiles, Delaunay Edges and a Delaunay Tile

Since DE(u,v) # DE(u',v') we must have at least three of u,v,u', and ' are distinct
(we already know u # v and u' # v'); suppose u,v, and v' are distinct and u = u'. So,
V, NV, NV, can be at most a point (this being the nature of three distinct Voronoi tiles
in the plane). Since a’ # V', [@',V] = V,y NV, and since [a,b] N [a’,b] C V, NV, N V4,
this implies [a,b] # [d/,b'] and that {a,b} and {a’,b'} are not equal as sets. Thus there
exist elements, one from each set, which are distinct. Suppose a # a’. Then 0B(a,r,) and
0B(a',ry) are distinct circles. We get a similar result if u # u/'.

Recall M N B(a,r,) = 0 for all a € R?, which implies the endpoints of DE(u,v) do
not lie inside B(a',ry) (or B(b,ry)). That is, DE(u,v) is a chord of 8B(a,r,) exterior to
0B(d',ry) and likewise DE(u/,v") is a chord of dB(a',r,) exterior to 0B(a,r,).

That r and 7' lie in [m/2,m + 1] is a consequence of Lemma, 3.3. ]

Corollary 6.4.1. For M € M, any pair of distinct Delaunay edges | = DE(u,v) and

I'=DE(',v'") can only intersect at their endpoints, if at all.

Proof of 6.4.1. By Claim 6.4, [ is a chord in C exterior to C' and I’ is a chord in C'

exterior to C (for some distinct C and C’). The corollary follows from Proposition 6.2. m

Corollary 6.4.2. Given K > 0 there exists my such that for m > mg, M € M, and any

pair of Delaunay edges | = DE(u,v) and ' = DE(u',v"), either d(I,I') = 0 or d(l,1") > 2K.

Proof of 6.4.2. Let mg > 2K - K’ where K’ is from Proposition 6.3. By Claim 6.4, for
I #1',1isachord in C exterior to C' and I’ is a chord in C’ exterior to C (for some distinct C

and C') where the radii of C and C” are in [2, 32]. Since V (1), V(I') C M we have |I|,|I'| >
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m. It follows by Proposition 6.3 (after scaling by m) that d(I,1") > d(V (1), V(I'))/K’. Since
V(1),V(l") C M it also follows that if d(V (I),V(I')) > 0, then d(V (1), V(I')) > m. Thus, if
d(l,1") > 0 then d(l,I") > d(V(),V(")/K' > m/K' > 2K. ]
Finally, before we begin the proof of Theorem 6.1 we have a few results addressing the

relationship between Delaunay polygons and Delaunay edges.

Claim 6.5. For M € M, and p € V(M),

0D(p) = U{DE(u,v) : u,v € M(p) are adjacent in OB (p,rp) with respect to M(p)}.

Proof of 6.5. Recall, for each p € R?, r, = d(p, M), and M(p) = M N IOB(p,rp).
For p € V(M), |IM(p)| > 3 and by Proposition 4.2, for each pair u,v € M(p) adjacent in
O0B(p,rp) with respect to M(p) there is an edge in e € £(M) such that e = V,, NV, and
thus there is a Delaunay edge DE(u,v) connecting u and v.

That is, we have a finite subset of a circle (M(p)) and for each pair of elements (u,v €
M(p)) which are adjacent with respect to this subset, there is a line segment (DE(u,v))
connecting the pair. Thus, these line segments bound a closed convex set P. Because
|IM(p)| > 3 there are at least 3 adjacent pairs from M(p) and thus the boundary of P
contains at least three distinct line segments, hence each P has a nonempty interior and so
P is in fact a closed convex polygon.

Since P is a closed convex polygon, it is the closed convex hull of its extreme points
and by the nature of the construction of P those extreme points are M(p), i.e. P =
H(M(p)) = D(p). We conclude D(p) is a closed convex polygon whose boundary is the
union we claimed. L

In fact, we have more.

Claim 6.6. For u,v € M(p), DE(u,v) # 0 if and only if u and v are adjacent in 0B (p,rp)
with respect to M(p). So 0D(p) = U{DE(u,v) : u,v € M(p)}.

Proof of 6.6. If u,v € M(p) are such that DE(u,v) # () then e = V,, NV, is a non-trivial
line segment. That is, by Proposition 4.1(ii), e € £(M), and by Proposition 4.2 u and v are
adjacent in 0B(p,rp). So, if u,v in M(p) are not adjacent in 0B(p,r,), then DE(u,v) =0
and 0D(p) = {DE(u,v) : u,v € M(p)} follows. [ |
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Recalling that the “interior” of a line segment [a, b] refers to [a, b]\{a, b}, Claim 6.6 allows

us to prove the following.

Claim 6.7. The “interior” of any Delaunay edge and the topological interior of any De-

launay polygon are disjoint.

Proof of 6.7. Since D(p) C B(p,r,), the interior of D(p) is a subset of B(p,r,) and
since B(p,rp) N M = (}, neither endpoint of any Delaunay edge occurs in the interior of any
Delaunay polygon. Thus, any Delaunay edge which intersects a Delaunay polygon D(p)
must intersect the boundary of D(p). Since, distinct Delaunay edges intersect (at most) at
their endpoints and since 0D (p) = U{DE(u,v) : u,v € M(p)}, any Delaunay edge [ whose
“interior” intersects D(p) must have V(I) C {V(DE(u,v)) : u,v € M(p)}. But this implies
Il = DE(u,v) for some u,v € M(p) and thus by Claim 6.6, that [ C dD(p). Thus, the
“interior” of [ does not intersect the interior of D(p). |
This implies that distinct Delaunay polygons have disjoint interiors.

Proof of 6.1. Part 1). Each T, is the union of a set {I;}% of line segments for which
l; = [u,p;] C DE(u,v;), where p; is the midpoint of DE(u,v;). By Corollary 6.4.1 we
know each pair of distinct Delaunay edges only intersects at their endpoints, thus for 7 # 7,
li Nl; = u. Tt follows, that if we let V;, = {u} U {p;}~ | and let E, = {I;}},, then the pair
(Vu, Ey) is a linear graph whose image is T, and this graph is a tree.

Part 2). We now show

DGM) = | DE(u,v). (4)
u,vEM
By definition, DG(M) is the union over p € V(M) of dD(p). So Claim 6.5 allows us to
conclude the left hand side (LHS) is a subset of the right hand side (RHS). On the other
hand, for each Delaunay edge D E(u, v) there is an edge e = [p, q] C V,NV, with p, g € V(M).
Thus u,v € M(p), DE(u,v) C H(M(p)) = D(p) and thus (by 6.7) DE(u,v) C dD(p).
Hence, the RHS is a subset of the LHS, giving us Equation 4.

We now prove the equality in Part 2 of 6.1. Because each Delaunay half edge h € T, is

a subset of some DE(u,v) for u,v € M, the RHS is a subset of the LHS. Conversely, each

DE(u,v) C T, UT, hence the LHS is a subset of the RHS, and we have equality.
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To check that DG(M) is the image of a linear graph, let V = M and let £ be the set
{DE(u,v) : u,v € M}. Because the DE(u,v) only intersect (if at all) at their endpoints
(Corollary 6.4.1), it follows that the pair (V, ) is a linear graph whose image (by Equation
4) is DG(M).

Part 3). We check that for distinct (T, v), (T",v") € T;(M) that T+ v NT" + o' consists
of at most one point. Suppose (T,v) and (T",v") are distinct, then v,v" € M are distinct.
Suppose h = [v, pys] and k = [v', pyy] are Delaunay half edges with v # v'. Because distinct
Delaunay edges only intersect at their endpoints (Corollary 6.4.1) and since v # v, hNk # )
if and only if v =t and v/ = s. That is h and k intersect if and only if they are both subsets
of the same Delaunay edge. Since T, and T, are unions of such half edges, T, and T
intersect if and only if [v,v'] is a Delaunay edge, in which case T, T, = p,,, which is both

the midpoint of D(v,v') and a terminal vertex for both T} and T,/. See Figure 5.

Pys,
pv’tl

p1)32

b

Figure 5. The Intersection of Trees

Part 4). To check continuity, observe a set of Delaunay polygons which covers B(0,n)
determines the set of Delaunay edges which intersect B(0,n) which in turn determine the T;,
for v € MNB(0,n). Since each D € Dy, is circumscribed in 0B(0, r) for some r € [, m+1]

and since for any M € M, Dy (M) covers R, the set
{D+p:(D,p) € Du(M) and p € B(0,n +m + 1)}

covers B(0,n). Since M—D,,(M) is continuous there exists a K such that if M’ € M,
agrees with M on B(0,n+ K), then D,,(M) agrees with D,,(M’) on D, x B(0,n+m+1).
Thus,

{DE(u,v) : u,v € M and DE(u,v) N B(0,n) # 0} =
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{DE'(u',v") : u',v" € M" and DE'(v',v") N B(0,n) # 0}

implying {(Ty — u,u) : v € MNB(0,n)} = {(T), —u',v') : v' € M'NB(0,n)}. That is,
M = T (M) is continuous.

To check the shift commutativity observe, because o¥V,,,(M) = V(6 M) (Lemma 3.3),
for u,v € M, DE(u,v) is a Delaunay edge if and only if DE(c"u,c%v) is a Delaunay edge
for c%u,c%v € c¥ M, and o* DE(u,v) = DE(c"u,c"v). Thus for c%u € c* M,

L= U 0wpmnged = | oV = 0T
DE(o%u,0%v)#£0 DE(u,v)#£0

So for u € M and c%u € ¥ M, Ty —v = Tyuwy —o¥v, thus {T,—u:u € M} = {Ty —v":
v' € o M} and it follows that 0¥ 7,,,(M) = T (Y M).

We skip Part 5) for the moment and address Part 6). Since each T, is the union of the

Delaunay half edges which intersect u we will be done if we can establish the next claim.

Claim 6.8. Given K > 0 there exists mg such that for m > mg and M € M, the
following holds. For u,v,u’,v" € M, if h = [u,pyy] and h' = [u/,py.] are Delaunay
half edges with u # u', then either [u,puy]x N [U,pyw]x = 0 or v = o/, v/ = u and

[U,Puu]K N [ulapu’v’]K = E(puvaK)-

To prove Claim 6.8 let us begin by agreeing that if a, b and ¢ are three points in general
position, then (since their closed convex hull is a triangle) Z(a,b, ¢) denotes the measure of

the interior angle at b. We leave the proof of the following proposition to the reader.

Proposition 6.9. There exists 6y € (0,7) such that for any circle C of radius r € [%, %]

and any three points a,b,c € C with d(a,b),d(b,c),d(a,b) > 1, then Z(a,b,c) > 6.

If k£ = [a,b] and [ = [b, | are two line segments whose endpoints a, b and ¢ are in general

position, then let us define Z(k,1) = Z(a, b, c).

Claim 6.10. For m > 2, M € M, and p € V(M) suppose k and | are distinct Delaunay
edges which are subsets of 0D(p) and kN1 # 0. Then £(l,k) > .

Proof of 6.10. Since k,I C dD(p) and kNI # 0 we may write kK = DE(u,v) = [u,v]
and | = DE(v,w) = [v,w] for some u,v,w € M(p). Because M(p) = M N OB(p,ry) for
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rp € [G,m + 1] and d(u,v), d(v,w), d(u, w) > m, it follows from Proposition 6.9 (scaled by

m) that Z(I,k) = ZL(u,v,w) > 6. ]

Claim 6.11. For m > 2 and M € M, if k and | are any two distinct Delaunay edges
such that kN1 # 0, then Z(k,1) > 6.

Proof of 6.11. Because | = DE(u,v) # 0 implies there exists e = [p,q] € (M) (with
p # q) such that e = V,, N V,,; we have both u,v € D(p) and u,v € D(q). Since u and v are
extreme points of both D(p) and D(q) and since the interiors of D(p) and D(q) are disjoint
we have D(p) N D(q) = DE(u,v).

Thus, if k is another Delaunay edge with k N[ # (), then either & C D(p) or k C D(q)
or not. In the first two cases, then Z(k,l) > 6 follows from Claim 6.10. In the third case
we suppose k is not a subset of either D(p) or D(q). However, if Z(k,l) < 6 then the
“interior” of k would intersect the interior of D(p) or D(q). See Figure 6. Thus, we must

have Z(k,1) > 6. ]

Figure 6. The Intersection of Trees

Proof of 6.8. Let mg be from Corollary 6.4.2 and m > mpg. For each Delaunay
half edge h there is a unique Delaunay edge containing it; if h = [u,pyy]| (or A = [v,Dyy])
we write Dh = [u,v]. If Dh N Dh' = D[u,pyy] N D[/, pyry] = 0, then by Corollary 6.4.2
Dlu, puv]k D[, pyroyr ] = 0 implying [u, puy] x N[, purvr ]k = 0. I Dlu, puy] N D[t purer] #
() and u # u', then there are three cases; 7)) v = v/, i) v = o/, or #4) v' = u. See Figure 7.

Let 6p be from Claim 6.11.

Figure 7. The Three Cases in the Proof of 6.8.
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u V' v=u by

u V=’ u v=U u

Case 1. Case 1i. Case 1ii.

Case i. Let k = [u,v'] and | = [v',u']. Then Z(k,l) = Z(u,v',u’) > 0. For m > ml >
2K/ sin(6y/2), for any two points p € k and ¢ € [ with d(p,v'),d(g,v") > m/2, the distance
d(p,q) > msin(6y/2) > 2K. In particular, [u, pyy]x N [U, Py ]k = 0.

Case ii. Let | = [u,v], k = [v,v'] and m > mY, > 4K/sin(6p). If u # ', then Z(I,k) > 69
and it is easy to check that for p € [ = [u,v] with d(p,v) > m/2 that d(p,k) > 2K and thus
that [u, puy]i N [V, pp ]k = 0. If u =", then | = Dh = D' = k and hg N by = B(p, K)
where p = h N h' = pyy = Py

Case i1 is identical to Case 4, thus taking mg suitably large, 6.8 is proven. [

Part 5) follows by the calculation in Case i above, completing the proof of Theorem 6.1.

7. CODING THICK LINEAR GRAPHS.

The primary result in this section tells us that if Y is a square mixing SFT and m
and K are large enough, then it is possible to use ¥, and 7,,(M) to produce locally Y
allowed words on the lattice points inside the K thickened linear graphs, DG(M)x C R?
for M € My, in a continuous and shift commuting manner.

Because we are now discussing words which occur on infinite subsets of Z2, we need
a topology on collections of such words. Moreover, we want two words u € Wy (R) and
v € Wy (T) to be close together if, both, the sets R and T' agree in some (big) square Ay
and the symbols in the words u and v agree on the set Ay N R = Ay NT. This motivates
the next definition.

If S is a finite symbol set, then Uaep(zz) S5 is the set of all words which can appear on
subsets of Z2. In this context, let U(a, B) = {3 € P(Z?): N B = aN B} for B C Z? finite
and a € P(Z?).
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Definition 7.1. The Bounded Neighborhood (BN) topology on UaeP(Z2) S% is that topol-

ogy generated by the collection of all subsets
U(w,a, B) = {w' € §° : w"B =w| ., VpeU(a,B)}
for every finite subset B C Z2, o € P(Z?) and w € S°.

In the next theorem it is more natural and effective to use the language of square mixing
rather than square filling. In Section 8 we show that a square filling mixing SF'T is square

mixing, so the theorem will apply to square filling mixing SFTs as well.

Theorem 7.2. Given K,k > 0, suppose
1) Y is a Z? square mizing matriz SFT with square mizing parameter 75,
2) K' > K + 2k > 4(k + 2), and
3) m > mogr where mog is from Theorem 6.1.

Then there exists a continuous shift commuting map

loc([1,k]2)

O:M,, - {Wy (DGM)k) : M e M, }.

That is, for M € M., each image O(M) is a [1,k]? locally Y allowed word on DG(M ).
Remark 7.3. Because Y is assumed to be only square mixing and not necessarily square
filling, the image ©(M) is only a locally Y allowed word on the thickened linear graph
DG(M)g. This word may not occur in any point in Y - to guarantee occurrence we need

to assume Y is square filling as well. It is here and only here that we cannot avoid the

assumption of square filling.
To prove Theorem 7.2 it suffices to prove the following lemma.

Lemma 7.4. Under the assumptions (1, 2, and 3) of Theorem 7.2 there exists a map
©:%, > {Wy(Tk): T €Ty}

such that for M € M, and for any pair (T,v),(T',v") € Tp(M) we have c~?O(T) and

o=V O(T") agree on (Tx +v) N (T% + ') and the word

o 'e(T on Tx+v
0 =0Tk +vUT) +1') = , @ K
o VO(T) on Tj+v



Section 7 27

is a [1,k])? locally Y allowed word on Tk + v U Ty + v'.

Before we prove Lemma, 7.4 let us use it to prove Theorem 7.2.

Proof of 7.2. For M € M,,,, we define the image ©(M) as follows:

oM = | o em). (5)
(Tw)ETm (M)
Because Lemma 7.4 guarantees 0~YO(T) and o~ ©(T") agree on (Tx +v) N (T'x + ') for
every (T,v), (T",v") € Tp(M), it follows that O(M) is a well defined word on DG(M) .
Next we will show ©(M) is [1,k]? locally Y allowed. We first prove that [1,k]? + ¢
intersects at most two thickened tiles (T'+d) g and (T"+d') g, where (T, d), (T",d') € T (M).
Let T +d, T + d and T" + d" be three distinct tiles and let p' = T +dNT' + d and
p" =T +dNT" +d". Because the intersection of any two tiles T'+ d and T" + d’ is at most
a point and is a midpoint of a Delaunay edge in DG(M) (Theorem 6.1, Part 3), it follows
that any point p can be in at most two tiles. Thus p’ # p".
When m > msgg, this also holds for K’ thickened tiles. Suppose g € (T +d)x N (T' +

d') g = B(p', K'). Then g cannot be an element of any other thickened tile (7" 4 d") g+ since
this would imply that g € (T+d) N (T" +d") g = B(p”, K') and thus that d(p',p") < 2K’
contradicting the separation of the terminal vertices of 7'+ d (Theorem 6.1, Part 5).

So, if ([1,k]? + t) has a nonempty intersection with each of (T + d)k, (I" + d')x and
(T" 4+ d") g, then the previous paragraph will be contradicted (since K’ > K + 2k). Since
[1,k]2 + t intersects at most two K thickened tree tiles, if ([1,k]2 + t) C DG(M)k then
([1,k]? +t) C (Tk + v U Tl + ') for some (T,v) and (T",v'), and because © is a [1, k]?
locally Y allowed word on T +vU Ty +', it follows that ©(M) is [1, k]? locally Y allowed
on DG(M)k-.

The continuity of the map M — ©(M) is clear: There exists 7 > 0 such that the tilings
Tm(M) and Tp(M') agree on Ay if M and M’ agree on Ay,. Since the tilings agree on
An, so do the the words ©(M) and O(M').

To see ©® commutes with the shift o, observe first by Theorem 6.1, Part 4 that

Tm(0" M) = 0" Tyu(M) = {(T,u —v) : (T, u) € Tpy(M)}.
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So,
O(c" M) = U oo = |J o) =0"0(M)
(T" w)ETm(ov M) (T)yu)ETm (M)
which completes the proof of Theorem 7.2. [

FIGURE 8. A Word on a Prototile.

>
~+

K+2k+

<)

Bw,K) ~)

Proof of 7.4: We first pick and fix a word @ € Wy (Agyor41). For a point v € R?
we let ¥ € Z? denote the unique point in Z?2 such that v = ¥ + a, for @ € [0,1)2. For the
prototile T' € ¥, there exists a point y € Y such that for each terminal vertex v in T' we
have y|a, +onp1+9 = @ To see this observe, because m > mygs we have (by Theorem 6.1,
Part 5) B(v,2K') N B(v',2K') = { for any two distinct terminal vertices, v and v’ in the
prototile T. Thus B(%, 2K’ —1)NB(¢/,2K' —1) = . Our choice of K’ > K + 2k > 4(k +2)

implies

A CA

K'+14+k

!
K+2k+1+k C AgK'q C B(0,2K" —1)

and this guarantees (by square mixing) for each terminal vertex v and any point z € Y, the

existence of y such that y‘A P and such that y and = agree outside the square
K42k+1TYV

v+ A%K’—l and hence y and z will agree outside the ball B(v,2K’' — 1). See Figure 8.
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So we can find a point y which has a copy of the word « on each square Ag ok 1 + 0 for

each terminal vertex v € T. We define

o(T) :y‘TK.

Thus ©(T') € Wy (Tk).

Now we check the compatibility relations. Suppose for distinct (7', d), (T",d') € Ty (M)
we have (Tk + d) N (T +d') # 0, then it is easy to check the corresponding words agree
on the intersection, i.e. (O(T) +d)|7y 1o = (O(T") +d')|7y+a- I (Tk +d) N (T +d') # 0
and (T,d),(T',d") € Tp(M) are distinct, then the intersection of the K thickened tiles is
a ball of radius K, B(w, K), centered on the common terminal vertex, w. So, we must
check that the words ©(T) + d and ©(T") + d' agree on B(w, K). If v and v’ are terminal
vertices of T' and T”, respectively and w = v +d = v' + d’ is the common terminal vertex
of T+dand T' + d', then B(v +d,K) = B(v' + d', K) is the K thickened tile intersection

(T +d)N (T +d) and v — 5 = v’ — v'. We check

(e(T) + d)|l_3(v+d . =0(7)|_ = «q|

and we see that the words agree.
Whether each word © = O(Tk + v U Tk +v') is [1,k]? locally Y allowed requires us to
check that whenever S = ([1,k]? +u) C (Tk + v U Tj +v'), the word 9|, € Wy (S). If

S = ([1,k]?> + u) C (Tk + v) then indeed O, = U_UG(T)|[1,k]2+u = U_Uy|TK+U|[1,k]2+u
J*Uy‘s € Wy(S), where y is from the construction of ©(T). Suppose ([1,k]?> + u) ¢
(Tk +v) and ([1,k]2 + u) ¢ (T4 +v'). Then [1,k]> + u intersects both Tk + u\T} + v’
and T} + v"\Tk + u. This can only happen if [1,k]? + uN B(w, K) # @ for w, the terminal
vertex of both T + v and 7" + v'. Thus [1,k]? + u C B(w, K + 2k). However, in that case

is a subword of a and thus G)|‘S € Wy (S).

“+u

[1,k]2 + u C Agyoks1 + 1 and thus G)|[1 o

Hence O is [1, k]2 locally Y allowed. This completes the proof of Lemma, 7.4. [ ]
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8. STITCHING.

In this section our principal goal will be to prove Theorem 8.1. The section will end with
the proof of Lemma 2.11. Roughly speaking, the content of Theorem 8.1 is, if Y is a mixing
SFT and if Y is square filling, then Y is “filling” on more general shapes, in particular,
uniform families of convex polygons. The proof will proceed by means of the technique of
“stitching” which gives square filling mixing SFTs their local constructibility.

The idea behind stitching is the following. Let L = {(v1,v2) € Z2 : v, < 0} and
U = {(v1,v2) € Z? : vo > 0}. Suppose Y is a mixing square filling SFT and suppose
a € Wy (L) and g € Wy (U). Letting z € S)Z,2 be such that z;, = a and zy = 3, = has a
horizontal stripe of symbols which are not locally Y allowed. We use the mixing to establish
that there are vertical bars of locally Y allowed symbols. See Figure 9. The square filling
is used to fill in the remaining square patches with locally Y allowed words, creating an
element y € Y which agrees with x away from the horizontal axis. In what follows we show

this can be done for words on more general shapes.

a
FIGURE 9. Stitching a Horizontal Line.

Recall, by a convez polygon in R? we mean the closed convex hull P of a finite number
of points in R? such that the interior of P is nonempty. Let x > 1. By a s uniform family
of convex polygons we mean V = |J V(n) where each V(n) is a family of convex polygons
such that V' € V(n) implies B(p, 77/2:)0 C V C B(q,sn) for some p,q € R?.

Observe that for any square filling mixing matrix SFT Y, there exist k and [ such that

Y is (k,l) square filling, and because Y is mixing we may choose [ large enough that for
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any | > | and for any two words a, 8 € Wy ([0,k — 1]2) there exist points y,3' € Y such
that y exhibits « and (3 separated by (0, 20 —k+ 1) and y' exhibits o and § separated by
(2 — k +1,0). We refer to such (k,1) as generalized filling parameters for Y. For technical

reasons we will always assume [ > 3k.

Theorem 8.1. Let Y be a square filling, mizing matrix SFT with generalized filling pa-

rameters (k,l), let K > 20l, and let K > 1. For any k uniform family of convex poly-

gons 'V = y V(n), any n > k- K and any V € V(n), if w € W)lfc([l’k]%((aV)K), then
n>no
w|(av)2 € Wy ((aV)a2).

We define a set v to be an | block boundary if there exists a set A C Z2 such that
v = 0D +w where D = |J A5 + 10lv and w € Z2%. (Recall A5; = {v € R? : ||v||sup < 51}.)
Consequently, an [ blockvlfﬁundary is the union of a set of orthogonal line segments 10/ in
length which only intersect at their endpoints. If v is an [ block boundary, then we will refer
to ¢ € y as a corner (in vy) if two of the line segments intersect at ¢ and are perpendicular
to each other. Thus, if v is an [ block boundary we can write v = UL; where each L; is
a line segment which is a multiple of 10/ in length, and UV(L;) is the set of corners in 7y
(where V(L;) denotes the endpoints (vertices) of L;). If, in addition,  is homeomorphic to
a circle, then we may assume Ly N L; # 0 <= j =14+ 1and L; N Liy1 = ci+1 (where
each L; = [¢;, ¢it+1]).

For a convex polygon V and K > 0 define Vi; = {v € V : d(v,0V) > K}. Vj; is a closed

convex set and if the interior of V- is nonempty, then V. is also a convex polygon.

Claim 8.2. Given an integer | > 0 if K > 201, then for any convex polygon V for which
Vi # 0, there exists a set D for which 0D is an | block boundary and such that V,; C
D C V. In fact, we may take D to be a subset of the interior of V,; and such that 0D is
homeomorphic to a circle.

Proof of 8.2. For some finite A C Z2, V. C U (As + 10lv). If for some v € A
the set Az + 10lv is not contained in the interior (;}fe ?/47, then we may replace A with

A" = A\{v} because for such a v the square A5 + 10/v does not contribute to the cover of

Vi (since As + 10lv NV = B). A finite number of such replacements will result in a set



Section 8 32

D = |J As + 10lv which has the properties that D C V,; and the boundary of D is an I
blockvliﬁundary. The reader can check that because V is convex, for D such that dD is not
homeomorphic to the circle one may add blocks (the sets As; 4+ 10lv) to form D' for which
0D’ is homeomorphic to the circle and yet retain V,; C D' C Interior(V,;). |

Proof of 8.1. Suppose n > k- K and V € V(n); hence V. # 0. Let D C Interior(V,;)
be as from Lemma 8.2 (with 0D homeomorphic to a circle). So v = dD = |JL; where
LiNnL; #0 <= j =1i=+1, each L; = [¢;,¢i11] is an integer multiple of 10/ in length

loc([1,k]%)

and the set of ¢;’s is the set of corners in v. If w € Wy, ((0V) k) then the restriction

loc([1,k]%)

is an element of Wy ((OV)k\D). Let v = | forany x € Y. Let U

v= w‘(ﬁV) x\D
denote the word on Vx which equals v and v on the appropriate restrictions. We will now
proceed to construct a word in W}lfC(VK) which agrees with U (and hence w) on (0V)s.

Elementary in this is the stitch. There are three types of stitches: corner stitches, hor-
izontal stitches, and vertical stitches. The purpose of a stitch is to alter the symbols in a
square A; + v to form a word which is locally Y allowed on A;. We will begin by demon-
strating how a corner stitch is made. Then we will demonstrate how the application of
horizontal and vertical stitches to v € yNZ2 for v between corners creates locally Y allowed
words between the corners. The repetition of these techniques will produce a locally Y
allowed word in a neighborhood of v without altering the word outside the neighborhood,
thus leaving us with a locally Y allowed word on Vi which agrees with U on V5.

Suppose ¢ € yN Z? is a corner and suppose the two line segments L; and L;,; which
intersect at ¢ are L; = [¢,c + (0,—m)] and L; 1 = [¢,c + (m/,0)] for some m, m' > 0. That
is, one line segment extends down and the other extends to the right from c¢. For ease
of notation, suppose that ¢ = 0, the origin in Z?. Because v is an [ block boundary and
homeomorphic to a circle A;Ny = [0, (0, —1)]U[0, (1,0)] and A;\7y = A;\([0, (0, —1)]U[0, (,0)]).
The word U| A need not be locally Y allowed, indeed this is what we wish to remedy, however

U| is [1,k]? locally Y allowed.
Ay

Claim 8.3. (A Corner Stitch.) There ezists a locally Y allowed word on A; which agrees

with U on Aj\(A;_; UT;_g) where T;_p = U{A;_ +v:v €yNZ2}.
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There are similar corner stitches for the other three ways a pair of line segments can
intersect at a corner in 7.

Proof of 8.3. Briefly, we must first use the fact that Y is mixing to produce a locally Y
allowed word on Aj\A;_g, then square filling will allow us to fill this word in, completing
the proof of the claim.

If we examine the 2] x k — 1 rectangle R, sitting across the top of the square A; (see
Figure 10) we see that R, is a subset of Vi which sits outside of I';_; because +y is an [
block curve. This means that U restricted to R, is [0,k — 1]? locally Y allowed, because
the rectangle is a subset of the region in Vi where U is [0,k — 1]2 locally Y allowed. In a
similar fashion, U on the k — 1 x 2[ rectangle R, sitting on the left of the square A; is also
[0,k — 1]? locally Y allowed.

Now we examine the k—1 x 2 rectangle R, sitting on the right hand side of the square A;.
If U|RR is locally Y allowed, then we do nothing. If, on the other hand, U|RR is not locally Y
allowed then we examine the two k—1 x k—1 square words o = U‘RRORT and 8 = U‘RRORB
where R, is the 2] x k — 1 rectangle sitting across the bottom of the square A;. See Figure

10. Now U restricted to each of these [0,k — 1]? squares is a Y allowed word which occurs

F1cUure 10. Constructing a Corner Stitch.

| 2l |

| b

k-1 a
N
21l

k-1 B

KN ‘ -
k-1

because each [0, k — 1]2 square does not intersect T'; ;. We have chosen [ to be large enough

so that there exists y € Y with y‘R I pandy| = a. Thus
R B

R,NR,;+(0,21—k+1) - y|RRnRT
Y|, isalocally Y allowed word such that y|
R R,NR

=U| and y| =U| .
R - R,NR, R,NR, R,NR,
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(N.B., In order for y to exist, @ and 3 must occur; it is for this reason that we begin with

((0V)k).)

By a similar means we obtain a point 4/ € Y such that y"R .
B

loc([1,k]2)

w e Wy

= U‘ and
R, R,NR,

Y'| =U| . We define the word W on A;\A;_j as follows
RLNR, RLNR,

|RLURT on R, UR,
W = y|RR on RR
y"RB on R,.

Our choice of y and y' guarantees that W € W;fC(Al\Al_k) and that W| =
ANA—UT k)

| . Square filling ensures the existence of W' € W)l;c (A7) such that W'| =
AN(A—gUT—) ANA—1

. Hence W' | =U

. ||
AN\(A_1UT ) ‘Al\(Al—IUFl—k)

‘Al\Al—l
Let C C 7 be the collection of corners in 7. By Claim 8.3, for each ¢ € C there exists a
word w, € W}Ifc (A;+ ¢) such that w, agrees with U on (A;\A;—1 + ¢)\I';—x. We define a new

word U’ on Vi as follows

w, onA +cforceC

U onVig\UA+c
ceC

U=

Because v = 0D and D C V,;, it follows that U’ = U on Vg\Interior(V,, ). Because each
we is locally Y allowed on A; + ¢, the word U’ is locally allowed in places that U was not,
however, since w. does not necessarily agree with U on all of Aj\A;_1 + ¢, U’ need not be

locally Y allowed in places that U was. We should elaborate on this. See Figure 11.

FIGURE 11. Where U’ is not locally allowed.

Ai+c| ¢ d AN+
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Let P! = [v,v + €] and P2 = [v,v + e3] where ¢; : i = 1,2 are the usual basis vectors
generating Z2. According to our construction of U, for every v € Z? for which P! C Vi\D
or P! C D, the word U|Pi € Wy (P?) for i = 1,2. With the word U’ we have gained a little
and lost a little. As a gai; we now have, if P! C A; + ¢ for any c € C, then U’|Pi € Wy (P})
for i = 1,2. To explain the loss let I, = (A)\A; 1 +¢c)NT; 4 for c€C. If P! invtersects 1.,
but is not a subset of A;+ ¢, then U’ ‘Pi need not be an element of Wy (P). (If P! intersects

v

¥\ Ueec A; + ¢ but is not a subset of D, then U’ | i need not be an element of Wy (P}) either,

v

however that was true for U as well). We could document precisely for which v the word

U’ ‘Pi need not occur in Y, but this is unnecessary. It will suffice to observe the following

v

(see Figure 12).

FIGURE 12. Where U’ is locally allowed.

ceC ceC

Il |

Remark 8.4. The word U’ is locally Y allowed on (Vx\I'i—x) U

LJ (Vk\li-k) U U A+ ¢ L Vie\(Ti-x U U Ay +¢)

cec M + ¢ and [1,k)?
locally Y allowed on Vi \(Ti— U e A1 + €)-

The set y\(U.cc Ai + ¢) is a disjoint union of horizontal and vertical line segments. We
now use horizontal stitches to alter U’ near each horizontal line segment and vertical stitches
to alter U’ near each vertical line segment producing the desired locally Y allowed word on
Vik. We demonstrate this on a horizontal line segment L C «y. The construction of stitches
on vertical line segments works analogously.

Recall, v = UL; where the L; are line segments which are a multiple of 10/ in length
and either horizontal or vertical. Let L = L; = [c,d] be such a horizontal line segment,
where ¢ and d are corners in vy with ¢ sitting to the left of d. We may select a set H C
[c+ (1,0),d — (1,0)] N Z2 which has the following properties. 1) If h € H, then no other

element of H is within a distance k of h. 2) Every element of [c + ([,0),d — (1,0)] N Z2 is
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within a distance k of some element of H. We let H = {v;}/_ be an ordering of H from
left to right (so v; is to the left of v;11) and let vy = ¢ and v; = d — (1,0). See Figure 13.

We now define three regions. For ¢ = 0, .., I write
Ry = (A +d) UUS_o(As + v))
Lt = U A +v)
veL

Ki = LT\(R; UT; ).

SoR; C LT and Ry = L.
FiGure 13. Constructing Horizontal Stitches.

v

c=vy V1 V2 V; vr d

R; = R; 1
f i

By Remark 8.4, we know U’ is locally Y allowed on RoUKg and is [1, k]2 locally Y allowed

on K:().

Claim 8.5. (A Horizontal Stitch) For i € {0,..,I — 1}, suppose U' is a word locally Y
allowed on R; UK; and [1,k]? locally Y allowed on K;.

1) If Riy1 # L, then there exists a word U" which is locally Y allowed on R;11 UK, 11
and [1,k]? locally Y allowed on Kiy1 and agrees with U' on L\ (U,er Ai—1 +v).

2) If Riy1 = LT, then there exists a word U" which is locally Y allowed on Lt and

agrees with U’ on L™\ (Uyer, Aim1 +v).

Proof of 8.5. The proof of this claim follows much as the proof of Claim 8.3. We will
follow the notation introduced in the proof of Claim 8.3 for R,,R,,R,, and R, as the
rectangles on the left, right, top and bottom of A;, respectively.

Part 1). For notational ease let us suppose v;+1 = 0. So R;11 = R;U(A;j+v;11) = R;UA,.
Our choice of H (specifically Part 2, which can be expressed as ||v;+1 —v;]| < 2k+1) implies

loc

that R,,R,,R, C R; UK, and thus that U’ € Wy (R, UR, URy). Since

|RL UR,URg
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Riy1 # LT and k < |[vi41 — vj|| (by Part 1 in the choice of H) this implies R, N R,

R, NR, C K; and it follows that U'|R - and U"R . are [1,k]? locally Y allowed.

R T R B
By mixing there exists y € ¥ such that y| =U' | and y| =U' | .
RpNR, RLNR, RpNR, RLNR,

Thus the word

— U' onR,UR,UR,
y onkR,
is an element of W)l:c (A;\A; ) and by square filling there exists W' € W)lfc (A;) such that

W' agrees with W on Aj\A;_;. We define

U’ on L+\Al
W' on A,

UII —

Since W agrees with W' on Aj\A;_; and since W agrees with U’ on R, UR,UR,, it follows
that U" is locally Y allowed on R;;1UK; 1 and that U” agrees with U’ on L\ Uyer, Aj—1 +v.
Since U" agrees with U’ on K;y1, it follows that U" is [1,k]? locally Y allowed on K;y1,
completing Part 1.

Part 2). Let ¢ € {1,..,I} be such that R;;1 = Lt but R; # L*. Then, (since [ > 3k)
i+2 < Iand R;; o = L™ also. For convenience we assume v; 12 = 0, s0 LT = R;UA; = R;1o.
Moreover, because [ > 3k, R, C A;+d where R, denotes the right hand rectangular subsets
of A; + viyo = Aj. Asin Part 1, R,, R,, R, C R;. Thus we have U(IAI\Al—k) is locally Y
allowed and by square filling there is a word W' € W;;C(Al) which agrees with U’ on
(A\A;—1)- So,

W' on A
U on LT\A

UII —

is locally Y allowed and agrees with U’ on LT\A;_; and thus U” is locally Y allowed on

Lt and agrees with U’ on L™\ |J A;_; + v, completing Part 2. |
veL

By Claim 8.5, for each line segment L; which is horizontal there is a word U; on LZT" which
agrees with U" on L\ U,c r; Ai-1 + v, thus we may replace U’ on L} with U;. A similar
result may be applied to vertical line segments. After repeated applications this results in a
locally Y allowed word U” on Vi which agrees with U on Vi \I';_1. Thus, U" ‘(9V2 = w‘a‘é.

Now, U" is only locally Y allowed on V. A similar construction may be used to “stitch”

U" to a word x _ where D' D Vy; has an [ block boundary. This would result in a point

1
‘Z2\D



Section 9 38

y € Y such that y|6v . Thus we may conclude that w‘av € Wy (9Va) completing
2 2

= /u)|
A%
the proof of Theorem of 8.1. [ |

We finish this section with the proof of Lemma 2.11. In Section 11 we present an example
demonstrating that the converse of the lemma is false. With the “stitching” technique now
available the proof of Lemma 2.11 is straightforward.

Lemma 2.11: LetY be a mizing SFT. If Y is square filling, then Y is square mizing.

Proof: Suppose Y is a square filling mixing matrix SF'T with generalized filling parameters
(k,1). Let k=20 + 1,n >0, and let v = OAp4;4+1. For every lattice point v € v we have
AN +v C AE+n\A"' Choosing z,y € Y then we can restrict y to the interior and z to the
exterior of A, ;.1 forming [0,k — 1]? locally Y allowed words. Then we apply the stitching
technique to this curve 7 (which sits as a “fracture” in between the two words $|Z2\An+l+1
and y|An+l.) We apply four corner stitches and then apply horizontal stitches to the two
horizontal line segments in y and apply vertical stitches to the (remaining) two vertical
line segments. As we stitch, the regions A,, and ZQ\An 4 are not altered and when we are

done stitching our way around the square 7y, we have a locally Y allowed point z agreeing

with z on ZQ\An .7 and agreeing with y on A,. Thus Y is square mixing with parameter k. m

9. THE PROOF OF THEOREM 2.8: CONSTRUCTING A HOMOMORPHISM.

We now combine the results of Lemmas 3.2, 5.1, and Theorems 6.1, 7.2, and 8.1 in order
to construct a homomorphism ¢ : X—Y and complete the proof of Theorem 2.8. There
are a series of parameters whose values must be arranged in order for these results to hold
simultaneously.

We begin by letting « be as given in Lemma 5.1. We assume Y is a square filling mixing
matrix SFT with generalized filling parameters (k,!) (with [ > 3k) and square mixing
parameter k. We let K > 20, K' > K + 2k > 4(E+ 2) and m > max{mok',x - K},
where mgg is from Theorem 6.1. Finally, Lemma 3.2 gives a value for M such that for any
F = F(m, M) constructed with Algorithm 3.1 and = € X, the set M, = {v € Z? : 0z €

F} € M,,. As noted (with F fixed) the map z — M is continuous and shift commuting.
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According to Lemma 5.1, the set ©,, is a finite set of convex polygonal prototiles which

has the property that for D € ©,,, B(p,m/k) C D C B(q,xm) for some p,q € R?, and there

exists a continuous shift commuting map M +— D, (M) from M, to the set of regular D,

coverings. According to Theorems 7.2 and 6.1, since K’ > K +2k > 4(%4—2) and m > mogr,
there is a continuous shift commuting map © and for M € 91,

loc([1,k]2)

O: M O(M) € Wy (DG(M)k).

Since £ — M, is a map into M, which also continuous and shift commuting, the compo-
sition

loc([1,k]2)

T = O(Mg) € Wy (DG(Mz)K)

is continuous and shift commuting and the image ©(M;) is a [1, k]? locally Y allowed word
on DG(Mm)K
Since 0Dk +v = (0D + v)g and (DG(M))kx = U (0D + v)k, we can define
(Dw)EDm (M)
the following two words for each (D, v) € Dy, (M).

loc([1,k]%)

9Om(D,0)x =OM)|, €Wy (0Dx +v) (6)

and

loc

9Om(D,v) =OM)| € Wy (9Dz +v), (7)

(the latter simply being a restriction of the former).

Notice the word 90 ,¢(D,v) is only locally allowed in Y and isn’t necessarily exhibited.
To be of use it needs to be exhibited, that is we need 00 (D, v) € Wy (0D3). Fortunately,
we have Theorem 8.1. Because of our choice of parameters (K > 20/ and m > « - K) and
because the {9, } form a x uniform family of convex polygons, the assumptions of Theorem

8.1 hold. Thus Equation 6 and Theorem 8.1 allow us to conclude

80 ,(D,v) = O(M) € Wy (3Ds + v), 8)

9Ds o
a strengthening of Equation 7.

We define a map ®(D,-) which takes w € Wy (0D2) (words which occur) to ®(D,w) €
Wy (D2) such that ®(D,w)|sp, = w. Namely, for w € Wy (0D2) there exists z,, € Y

such that w = Tul,p - We define ®(D,w) = Tl - If w € Wy (0D + v) we will write
2 2
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®(D + v,w) to clarify that we intend the image to be an element of Wy (D2 + v). That is,
if w € Wy (0D3 +v), then (D + v,w) = 0~ ?®(D, 0c%w). Letting D' = D + v, then we can
also write 0 ?®(cv D', o¥w) = ®(D', w).

So, for each z € X and for every (D,v) € D,,(My) the word ®(D + v,00 0, (D, v)) €
Wy (Dy + v) and

(D +v,00m,(D,v)) = 00, (D, v). (9)

‘6D2+v

For each z € X we define ¢(z) by defining for each (D,v) € D,,(M,)
¢(@)|Dytv = B(D + v, 0001, (D, v)).- (10)

If we can establish the following claim, then we will have proven Theorem 2.8.

Claim 9.1. For each z € X, ¢(z) is a well-defined element of Y and the map ¢ : X - Y

1s continuous and shift commuting.

Proof of 9.1. To show ¢(z) is well-defined, observe for each (D,v) € D,,(M;) we have

¢(x)‘aD2+v = <I>(D+U,8@Mw(D,v))‘aD2+v

= 00, (D,v)
= O(M,) ‘3D2—|—v.

Because, for distinct (D,v),(D’,v") € Dp(My) we have that (Dg + v) N (D) + ') C
(DG(My))2 and because O(M;) is a well-defined word on (DG(My;))s it follows that
¢(z)|py+v and ¢(z)|py 4. agree on the intersection (D4 + v') N (Da + v), which is to say,
¢(z) is a well-defined point.

For v,v' € Z2, let us say the pair (v,v') are adjacent if v' = v+ (0,1) or v' = v + (1,0).
Observe, every adjacent pair of vertices (v,v') is contained in the set Dy + v for some

(D,v) € Dp(My). Because Y is a matrix SFT and because ¢(z) € Wy(Dy), it

| Do+v
follows that ¢(z) € Y.
Now we wish to show ¢ is shift commuting, i.e. ¢(c?z) = o¥¢(z). This is probably clear

from the construction, nonetheless, let us check it carefully. First we need to check that our

definition (Equation 7) of 00 (D, u) is shift commuting.
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From Lemma, 5.1, 6" Dy, (M) = Dy, (6" M); so (D, u) € Dy (M) if and only if o¥(D,u) =

(D,u —v) € Dp(6?M). Thus the expression 00,vr(c?(D,u)) is meaningful if and only

if 000(D,u) is. Because 00pr(D,u) € Wy (0Ds + u) it follows that cv00 (D, u) €

Wy (0Dg+u—v). At the same time 00,vr4(0¥ (D, u)) is also an element of Wy (0Dg+u—v)
and we claim they are the same element.

To see this claim, observe (by Theorem 7.2) c?O(M) = ©(c? M). Thus,

0° (0O m(D,u)) = 0" (O(M) ) = 0"6(M)|

= 0O(c"M)

‘8D2+u 0?(8Da+u)

| (0D2+u—v)

= 00,0 m(D,u—v) = 0040 p1 (0" (D, ).

The shift commutativity of ¢ is established with the following calculation (noting c* M, =
MU”:U)-

(67'¢(0"2))| =0 ($(o")| ) = o "B(D+u—v,00u,.,(D,u— 1))

‘D2+u ‘Dg—ku—v

= o0 "®(0"(D +u),0"(00 M, (D, u)))

= (D +u,00m,(D,u))

¢()

|D2—|—u

or ¢(o¥z) = o¥P(x).

We now address the continuity of ¢. We know D € ®,, implies D C Ay;,. By the
continuity of the map = — ©(My;), given k there exists ko > 0 such that if x|Ak2 = y‘Akz,
then ©(M,) and ©(M,) agree on Agioem42. By the continuity of the map z — Dy, (M,)
we know there exists k3 such that if :1:|Ak3 = y‘AkS then D, (M;) and Dy, (M) agree
on Dy, X Agigm- Hence for ks > max{ks,k3} and for z and y with .’E‘AM = y‘Ak4 and

(D,v) € Dy ( = Dm( we have that

M) \meAkﬂm My)‘QmXAk-Hgm

00, (D,v) =OMo)|, = OM,)[, =3O, (D,v)

and hence that

() = ®(D + 0,00, (D,v)) = ®(D +v,00,(D,v)) = ¢(y)

|D2—{-’U ‘Dﬁ—v'
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Since the union of D + v for (D,v) € Dy, (M,) covers Ay we can conclude ¢(z)

‘Qm XAgtrm

and ¢(y) agree on Ag. This completes the proof of Claim 9.1 and thus of Theorem 2.8. =

10. Z% PROSPECTS FOR d > 2

It seems a very reasonable conjecture that the same theorem (2.8) holds for Z% systems
for d > 3. While the techniques used to prove Theorem 2.12 work naturally on Z¢ systems
for d > 3, the techniques used in the homomorphism construction (for Theorem 2.8) do not
work naturally for d > 3. Specifically, Proposition 6.3 is false for d > 3. Nonetheless, I think
that by modifying the coding in Sections 7 and 8 the general argument can be extended to

d>3.

11. EXAMPLES

Example 1. In the definition of square filling, for j > 0, if U‘AK\AK—I(H-J' = w|AK\AK—k+j
then Y is said to be k line, j loss square filling. A nice situation would be a Z? SFT Y
presented by matrices with 1 line, 0 loss square filling. That is, for K suitably large (> 1),
any locally allowed word on the square annulus Ax\Ag_1, could simply be filled in. One
might hope that any positive loss square filling SF'T could be recoded by a higher block
coding to have zero loss square filling. However, here we construct a 2 line, 1 loss square
filling SFT which cannot be recoded by a higher block recoding to a & line 0 loss square
filling SFT for any k£ > 0.

Let X be the SFT subshift of {0, 1, 2}ZZ which is formed by dis-allowing the blocks [112],

0]
and [2]. For n > k consider the word on the annulus A, \Ay which _is all Os except for

two 2s and one 1. See Figure 14. Because of the presence of the word [2]0] the annulus can-

not be filled without removing one of the 2s. It is easy to construct an algorithm whereby it
is sufficient to replace the upper 2 with a 0 and then to fill in the annulus with 1s forming an
X allowed word w on the square A,,. The word on the annulus will agree with w everywhere
on the annulus except at the 2 which was changed to a 0. Moreover, the algorithm may be
extended to fill in any X allowed word on A,\A,_j at the expense of replacing 2s with Os
in at most one column in the annulus. Thus one can conclude X is a 2 line 1 loss square

filling SFT. The word on the annulus in Figure 14 can be constructed for k,n, and n — k
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FIGURE 14. A Word on an Annulus Which Cannot Be Recoded to 0-Loss.

0

0]0] [0[0

S[o[ =[]

0j0] ~++- [0]0]2

0

arbitrarily large, but it can never just simply be filled in a 0 loss fashion. Because a higher
block recoding amounts to looking at larger blocks it follows that X cannot be recoded with

a higher block coding to a k' line 0 loss square filling SFT for any &' > 1. o

Example 2. This example addresses the appropriateness of the square filling definition.
For a [0, k]? scaled SFT it is important that & < k < [ because the point of square filling is
to allow a local constructibility. An example of local constructibility and how it can fail if

k < k is the following: Suppose Y is a [0, k]2 scaled Z2 SFT with symbol set S and suppose

[

we had a “ square filling” condition where, for example, £k = 1 < k. Suppose w is a word

in Wy (Z?\A,,) for some n > 0, then for any N > n we have w| \A € Wy (An\Ay) and
N n

thus (by square filling) we conclude there exists W € Wy (Ay) such that W‘A =

N\AN-1

w|A Ay We would now have the following unfortunate situation. We have a point
N N-1

Yy € SZ? such that

y| c Wy(ZQ\AN_1) and y|AN =We Wy(AN)

= w‘
Z2\AN_1 Z2\AN—1

but we could not conclude y € Y because there exists v € Z2 for which [0, l%] + v is not a

subset of either Z2\Ay_; or Ay (since k£ > 1). Thus we cannot say y|[ e Wy ([0, k])
0 v

)

and hence cannot conclude y € Y. This is a situation we wish to avoid. Thus, in the

definition of square filling for a [0, %] scaled SFT, we ask that k < k < [. o
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Example 3. The Closed Curve SFT. Here we present a square mixing SFT which is not a
square filling mixing SFT. We describe an SFT X C {0, 1}ZZ by listing the allowed words on
3 x 3 squares. Because this is a lot of words we will code them using pictures, for example
000 000
)= 8w I

0
0 .
The following list of words is allowed.

| LU DU LY L L
T]T |||||||.|

_|‘|‘|_|_|_||J|__I

bl bl b] b) b) b] b) bl bl bl

[l ewlan]

1
1
1

[efen) g

=0
0

o

and

» L , L4, L ) —l—, I, il , plus a few others presenting

isolated 1s (dots), plus all their 90° rotations. The salient feature of all these words is that

they code a space of lines. Each point £ € X can be viewed as a collection of lines in R?

where the lines have the property that they do not branch, cross, or end. For example, the

block | , which corresponds to a line ending, is not allowed. (The blocks containing
dots are coding portions of corners.)

The SFT X is square mixing for the following reason. For any x € X, if we view A, C R?,
then the “lines in 2” must cross dA; an even number of times (since lines don’t end or merge,
each line entering Ay must exit). So let z,y € X and examine x‘Ak and y‘AkHs. There are
an even number of lines in z impinging upon the set 0A;. Connect adjacent line endings
as, for example, depicted in Figure 15a . This can be done because there are an even
number of such line endings. Do a similar connection process for the lines in y which end
on OAy115. Construct z by setting Z|Ak+5 =(z after connections)| and z| =(y

Apys Z2\Agt9
after connections)| - and z; = 0 where not already specified. The point z € X, agrees
k+9
with z on Ay and agrees with y on Z?\Ay;15. Thus X is a square mixing SFT. On the
other hand Figure 15b is a locally allowed word which cannot be square filled. Thus X is

not square filling. °
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Figure 15. Square Mixing but not Square Filling

s
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