Lab 3 — Euler’s method

My Goals:

To study the relation between afunction and its derivetive
To introduce a method of numericd andyss

To introduce Excd as mathematica software

To improve kills a writing mathematica 1ab reports
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Begin your lab report with a statement of your own goasfor thislab. They should be
based in part, but not entirdly, on my goals. Some of them are likely to be persona goals.

| ntroduction:
We recently learned what we cdled the “differentid formula”

f (x+h)» f(x)+hxf'(x)
Typical example:

Y ou should be very good by now at finding the derivative of the square root
function. Y our cdculaionswould look like this:

f(x) =[x = /2
L
dx

Here, n=1/2, andn-1=-1/2

-1
2x

We know that «/5 =3. Wecan usethisto edimate \/E, asfollows
Take
f () =/x

1
f'(x)=—F
N =>7
Takex =9 so that f(x) = 3 and f'(x):%:%,andtakeh:1,sox+ h = 10.
The differentid formulatells us that
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f (10) = f (9+2) » f(9)+1xf '(9)
=3+ 1
6
» 3.1667

Meanwhile, my calculator gives the square root of 10 (to 4 decimd places) as
3.1623, an error of 0.0044, or about 0.14%.

Note: It isimportant to understand error. Error describes the difference between
an actual value and a measured or estimated vaue. In Chem Lab, you have
measured vaues. Here we are cdculating estimated values. Let X, bethe actud
value and let X be the estimated or measured value.

We measure two kinds of error, absolute error and relative error. They are
given by the formulas

Cabsolute — % = %
erelaIive - eabsolute
Xy
We usudly report relative error as a percent.
An estimate that is high has postive error and one that is negetive has
negative error. Usually, we report the absolute value of the error.

The second part of your lab report should be a summary of the principles on which the
labisbased. Inthiscase itisthisdifferentid formula

This should be a new section of your lab, with an gppropriate section heading. (Don't
gart on anew page though.)

Task 1: Usethis procedure to estimate the following values:

1. 2 (2 isone more than a perfect square)
2. 3 (3 isoneless than a perfect square)
3. 8 (8 isone less than a perfect square)
4. J48 (48 is one less than a perfect square)

Thisis another new section of your lab report.

Explain your procedure for this step.
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Then make a nice table that gives the vaue you are estimating, your estimate (to four
decima places), the actua vaue (again, to 4 decima places; be careful about rounding. |
check) and your absolute and relative errors.

Some errors are worse than others. Try to explain this. If you can't explain it, say you
can't do it ingteed of trying to bluff your way through it. If you're not sure, giveit atry,
but say when you are speculating.

Digging alittle deeper:

Since48 =16 * 3, we know that /48 =+/16 %/3 = 4%/3 , s0 we can esimate the
square root of 3 by dividing our estimate of (48 by 4.
1. Isthis more accurate than using O4 to estimate C3?
2. Canyou explain why or why not?
3. Since8=4* 2, weknow (8 =2 (2. Canyou use the same trick to improve your
edimate of C2?

Answering this part of the problem should be another new section. There are afew
cdculations, that you should present in abrief but clear way, and some explanation that
should be clear and it should show me that you understand what you are doing.

A little more challenging:

Use the same technique on the sine function to estimate Sn 50° knowing thet the
an45° is rt(2)/2 and thet the derivetive of the sine function is the cosine function.

This problem is extratricky because I’'m asking a question in degrees, but the
derivative of the Sne function expects that you are measuring anglesin radians, not
degrees. You will have to convert between radians and degrees. Also, for this problem,
hisnot equa to 1. Make sure you ded with this.

Show your caculations. You can usethevdue of p, dl the basic arithmetic
operations and the square root, but you shouldn’t use any sine or cosine caculations other
than aready knowing Sn 45°.

Calculate your errors and write about the experience.

Smaller steps:

Watch me try to estimate G5 knowing O4 and the derivative of the square root
function. Note that G5 = 2.2361 (to 4 decimal places))
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f(4)=2
f(4) = U(2*sqrt(2)) = ¥a

Takeh=1.

sof (5) =f(4+1) » f(4) + 1*f ‘(4)
=2+Y
=2.2500

The error is +0.0139, about 0.62%.

Let'stry thisin two steps; firgt use f(4) and h = 0.5 to estimate f(4.5), and then use
that estimate to estimate f(5). Perhaps two smaller sleps will be more accurate than one
larger step.

First step:
f(4) =2,f'(4) =Y4, asabove. Takeh=0.5
s0 f(4.5) = f(4 + 0.5) » f(4) + 0.5*f ‘' (4)
=2+1/8
=2.1250
Second step:
f(4.5) » 2.1250, and f * (4.5) = 1/(2*grt(4.5)) » 1/(2*2.1250) = 0.23529
s0 f(5.0) = (4.5 + 0.5) » f(4.5) + 0.5*f ‘' (4.5)
» 2.1250 + 0.5 * 0.23529
= 2.2426
The error is 0.0065, about 0.29%, or half the other error.

Smdller steps seem to help.

Y ou could just as well do more work and take 10 steps of lengths 0.1, and perhaps get an
even better estimate.

When you take more than one step, this method of using differentidsadep a a
timeiscdled Euler’s M ethod, hence the tile of thislab.

Task 2:1n2=0.6931

Let f(x) =In x, the naturd logarithm function. 'Y ou know (and if you don’t know,
your caculator will tdl you) that In (1) = 0. Also, the derivative of Inx is 1/X.

The differentid formula, with h = 1, tells us that
d 1
In2=In(1+1) » In(1)+1><d—lnxle =0+1%=1
X

So, thisestimate that In 2 = 1 is very poor, with arelative error of over 44%.
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Y our task is to use more and more steps, shorter and shorter, until you find In 2
with an error of lessthan 5%. This means your estimate should roughly be between 0.66
and 0.72.

Hint:  If you go as high as 25 steps and your error is still bigger than 5%, you are
doing something wrong, and you should try to find your mistake instead of spending your
time taking more and more steps.

Hint:  The spreadsheet program Excd islikdy to hdp alot in this part of the lab.

Thisisthe part of the lab we sometimes cal the “ Capstone.” Y ou are required to
put together al the pieces that you have learned earlier in thelab. The work is harder, but
adsoitisabit more difficult to write up. Y ou should be careful to include &t least the
following as you write up this part of the lab:

State the problem. Describe what you are trying to do.
Describe your procedure. Tdl why you think it should work.
Describe your results. Use tables and graphs appropriately.
Andyze your results.

State your conclusions.

agrwONE

Technical conclusions:

Describe your conclusions about Euler’s method and the differential formula

Over-all conclusions

At the beginning of the lab, you stated some gods for thislab, including, perhaps
some persond ones. Conclude the lab with an assessment of how well those goals were
sidfied.
Hint: Make your lab look good

Word has afeature, >Insert>Object>Equation. Usethisto build nice mathematica
equations and embed them in Word documents.

Onelast hint: How will you be graded? Seethe potentia grading rubric
below. It isprobably the meter stick by which the quality of your work will be measured.

Lab 3 — Euler’s Method




Potential Grading rubric
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Attractiveness 0 1 2 3
5= excdlent
3=goad

Statement of gods

Description of principles

Calculate square roots
including errors

Digging deeper

Euler' s method
Statement, procedure
Reaults and table
Graphs and tables
Andysisand condl.

Technica condusions

God s conclusons
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Total 145

Lab 3 — Euler’s Method

A D

o1 O1 01

w

WOt wwow



