Numerical Analysis— Lab 18
Continued fractions

Goals

The gods of thislab are:
1. to examine the gpproximation of irrationad numbers by rationd fractions
2. tolearn LaGrange s method for the gpproximation of roots

Preliminaries

Perhaps you have seen the mathematics problem. Solve for x:

Xx=1+

1
1
1

1+ etc.

1+
1+
1+

It isone of Dr. Lubdl’sfavorites. Mog of you will be familiar with the trick, to see the
“x inthex;” to subdtitute and get x :1+1, and solve for x. It turns out that X is the so-
X

cdled “goldenratio.”

Formslike this are cdlled “ continued fractions.” Euler wrote about them in 1737,
though they were discovered about 50 years earlier by an English nobleman named
Brounker.

Task 1: Work it out.

Task 2: Doit again for the dightly different continued fraction

x=1+

1
1
1

2+ €tc.

1+
2+
1+

Continued fractionsin which the “numerators’ aredl 1'sare cdled “smple
continued fractions.” All the CF swelook at here will be smple.

Thislast continued fraction is often writtenas[1; 1,2, 1, 2, 1, 2, ...], where the
whole number is written before the semicolon, and the denominators are separated by
commas after the semicolon. The CF for the golden ratio would bewritten [1; 1, 1, 1, ...]

In generdl, we can write these thingslike x = [a,;a,,8,,8,,8,,6(c.|
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Evaluating CF’'s

Suppose you know a continued fraction, like
y=+7=[2111411141114,..],

and you want to convert it to afraction. Thereisan amazing trick, developed by Euler.
Set up atable asfollows:

ap ay as a €etc.
1 a, m
1 n

Our first gpproximation of O7 isjust a,, thet is, 2.
Now, to find m, multiply a,a, and add 1. Use the same pattern to find n; multiply

a,® and add 0. So, our y = O7, we start

1 1 1 4 1
1 2 1*2+1=3 m
0 1 1*1+0=1 n

Our next approximation of O7 is3/1 = 3.

Now, our next m follows the same paitern. Multiply a, by our old m and add the
previousone. Inthiscase thatis1*3+2=5. Samepatternforn,n=1*1+1=2. This
makes our third approximation of O7 is5/2 = 2.5.

The actud vaue is always between consecutive estimates, so we know that 2.5 <
O7 < 3. Since, to five decima places, O7 = 2.64575, we re not off track yet.

Continuing, we get

1 1 1 4 1
1 2 3 5 8 37 etc.
0 1 1 2 3 14 etc.

Thislast estimate, 37/14 = 2.64706, accurate to about 0.002, or less than 0.1%.
Thisis remarkable, because the denominator isonly 14, and 2.646 as adecimal has a
denominator of 1000.

Task 3: Usethistechnique to find the first ten rationa gpproximations of the golden
ratioox=[1;1,1,1,1, 1, etc]

Finding CF’'s

| notice in thismorning’s paper that someone named BRoberts of the Batimore
Orioles leads the American League in batting average, currently batting .434. Since
we' re between 10 and 15 games into the baseball season, and he probably gets 3 or 4 at
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bats per game, he's probably had between 30 and 60 at bats so far. Let's seeif we can
figureit out.

S0, to three decima places, x = 0.434 isarationd number, p/q, and probably 30 <
g < 60. Notethat 0.434 isexactly 217/500, but our batter can’'t have had 500 at bats
dready. This must be something rounded off. Our task isto find what.

Obvioudy, a, = 0. How to find the next denominator? Follow the following
dgorithm:

Step 0: Take remainder = thefractiond value of x, inthis case, 0.434.

Step 1. If the remainder is zero, or very closeto zero, then stop; you probably
have arationa number.

Otherwise:

Step 2: Take quotient = L/remainder.

Step 3: The next denominator isthe integer part of quotient.

Step 4: The next remainder isthe fractiona part of the remainder.

Step 5: Go back to Step 1.

With our batting average:

[teration 1:
remainder = 0.434
quotient = 1/0.434 = 2.304147
next denominator = 2
next remainder = 0.304147
(firgt goproximationisx =% =.5)

[teration 2:
remainder = 0.304147
quotient = 3.287879
next denominator = 3
next remainder = 0.287879
(second gpproximation isx = 3/7 = .429)

[teration 3:
remainder = 0.287879
quotient = 3.473684
next denominator = 3
next remainder = 0 .473684
(third approximation isx = 10/23 = 0.4348, which would be reported as .435, not
434. Keep going.)

Iteration 4 gives next denominator = 2, next estimate x = 23/53, and x = 0.4339, which
will be recorded as 0.434. Thisis probably correct.

Iteration 5 gives x = 217/500, which is exactly correct, but the denominator is way too
big.
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Conclusion: Roberts probably has 23 hitsin 53 at bats.

Wait! There are two more columns in the newspaper, AB and H. They show that
Roberts has 53 AB’sand 23 H's! Exactly!

Task 4: Find the continued fraction expansions for al the square roots from 2 to 15.
(skip4 and 5). Find patterns. Make hypotheses. Test them on the square roots between
17 and 24.

Task 5: Find the CF expandon for e. Find patterns.

Task 6: Find the CF expangon for p. Isp =22/7? Canyou find 355/113? Find
patterns.

L aGrange smethod

We Il do an example. Take f (x) = x*- 2x- 1=0. We seek the smallest positive
root. (How do you know, without graphing, that it has one? Work it out.)

Iteration 1: Subgtitute n =0, 1, 2, etc. until we find the integer part of our root. We find
that f(2) is negeative, but f(3) is postive, so X is between 2 and 3.

Take a, to be that integer, in thiscase 2.

Now, we know that X is between 2 and 3, s0 x = 2 plus something between 0 and

1. Writeitas x:2+£. Since 1/y isbetween 0 and 1, we know that y > 1. Subdtitute
y
1. 2
x=2+; intof(x) andget g(y) = f (2+%):(2 +§) - 2(2+%)- 1=0

Simplify thislast to get - 142 +i2 =0, 0, multiplying by y?, - y* +2y+1=0,
y vy

or y*- 2y-1=0. Now, if we can find aroot of this, we know y, and we know that x = 2
+ 1/ =2+ Uy, and we ll know x.

Iteration 2: Subgtitute n = 0, 1, 2, etc. until we find the integer part of our root. As
before, wefindy is between 2 and 3.

Take a; to bethat integer, inthiscase 2. S0, y is 2 + something smdl, and, just
like before, takey = 2 + 1/z. Asbefore, we know that z> 1. Make the subgtitution, y = 2
+ 1/z, and get anew polynomid.

Etc. Find the root of that new polynomid (2 again), and know that z is between 2 and 3.
Writez= 2 + 1/w, and repeat. Cdll the next one u, then that's far enough.

Look what’s happened. x = 2+1, but y= 2+1, etc., so
y z
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X=2+£=2+ 1 =2+ 1 2+ 1 = etc.

2+ 1
z 2+w o4

Weguessthat x =[2; 2, 2, 2, 2, etc.]

Fact: The continued fractions of roots of quadratics adways repedt, but like decimas,
there may be some “junk” at the beginning before the cycle begins. This one repeeted
quickly.

Task 7: Try it yoursdf. Say we want the smallest positiveroot of x*- 4x- 2. | know
that the smallest positive root isabout 2.21. Use LaGrange' s method to find afraction

that approximates the root to four decimal places. (Y our denominator should turn out to
be less than 50).

Writeit up.

A task-by-task organization is probably appropriate. You'll need lots of Equation
Editor. Due Wednesday, May 11, 2005.
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