Math 416 — Introduction to Abstract Algebra

Chapter 1 — Introduction to Groups

From lagt time:
A group isaset G with an operation ° such that

1) the operation ° isclosed on G
that is, if aandbaein G, thensoisa® b
2) the operation ° is associative
thatis, (@a°b)°c=a° (b°c)
3) thereisan identity dement in G. Cdl ite
thatis, e a=a° e=a forevery ain G
4) every dement ain G hasaninverse, cdl it a, suchthat a° a'=° al°a=e
A group does not have to be commutative (we cdl it “abdian”). If it is, then it means
5) a’ b=b°a
Examples need a set and an operation.
Examples

Z,Q R, Cand+
Q*, Q+, R*, R+, C* and x

More examples:

2x2 matrices with determinant <>0, and matrix multiplication
(identity isthe “identity matrix”. That'swhy it hasthat name))

2-dimensional vectors, with vector addition

2x2 matrices (dl of them) and addition. (additive identity is matrix of dl 0'9)
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Different examples.
Symmetries of asquare:
4 rotations R-0, 90, 180 and 270, in degrees.
Operation: Ra° Rb = R(at+b mod 360)
inverse of Rais R(360-a)
4 flips, 2 across diagonds D and D’, one across the horizontal H and one across
the vertical axis
eechflipisitsown inverse
8 dementstotal, RO, R90, R180, R270, H, V, D, D’

8x8 Operation Table or Cayley table (Sir Arthur Cayley, 1854, wrote over 900
mathemdtics articles))

RO isthe identity

HR90 meansfirst do H, then do R90.
HR90=D

Wholetableisfilled in on page 33, but you can do cdculations on the square itself.

Operation is closed because every entry in the table is one of the 8 operations we aready
know.

In Fact: Any symmetry can be build out of repeated R90s and Ds (or any other flips)
Trust meit's associdive.
It's not commutative.

R90D = H, but DR90 =V

Anything with a symmetry has an underlying group.

Symmetry theory = theory of groups
Our group on the square is called the Dihedral Group on the square and named D;.

Any regular n-gon has adihedra group D,.
no dihedrd group is commutative

If you take away the flips, then your group is called a Cyclic group, and denoted C,, or Z;,.

every cydlic group is commutative
Cyclic groups are “ subgroups’ of their associated dihedra groups.
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