Math 416 — Introduction to Abstract Algebra

Chapter 2 —Groups
From last time:

A group isaset G with an operation ° such that

1) the operation ° isclosed on G
that is, if aandbaein G, thensoisa® b
2) the operation ° isasocidive
thatis (a°b)°c=a° (b°c)
3) thereisan identity dement in G. Cdl ite
thatis, e a=a° e=a forevery ain G
4) every dement ain G hasaninverse, cdl it a, suchthat a° a'=° al°a=e

A group does not have to be commuitative (we cdl it “abdian”). If itis then it means
5) a’ b=b°a
9/13-HW #1 due: Ch 1, p. 37 #2, 3, 12, 13, 16, 20, 22
9/18 —-HW #2 due: Ch 2, p. 53#1, 2, 3, 6, 7, 13, 16, 22, 25, 26
Online Quiz Zero — technica problems continue
Review of modular arithmetic (see “Modular arithmetic) pages 8-14)
addition and additive inverses
a=bmod nmeansn | (a—b)
equivaence (mod n)
Divison dgorithm
givenaand b, to find g and r with
a a=bq +r, and
b) 0<r<b

Euclidean dgorithm: to find GCD(a, b)
example GCD(147,357) =21

relation between a* (mod n), formulaax = 1 mod n and formulaax + ny = 1
requirement that aand n be rdaively prime
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How to solve ax + ny = 1 (see theorems 0.1 and 0.2, pages 4-7)
exanple: find 4 (mod 7)
4x =1mod7
7|4x -1
dx-1=7y
dx—-7y=1
[x=2,y=1lorx=9,y=50r...]
a=7,b=4
7=1*4+3, p=1,q[=c] =3
b=4,c=3
4=1*3+1,p=1,q[=d =1
now, do it backwards
1=4-1*3
3=7-1*4
1=4-1*(7-1*4)
=4-1*7+1*4
=4*2-7*1
s04*2-1="7*1
and7|4*2-1
and4*2=1mod 7
s041=2mod7 (Also, use Gallian software ch 2 #1)

Cayley table for multiplication mod 7
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How to read inverses off the Cayley table

Make a Cayley table for multiplication mod 10

Entries are numbers less than 10 relaively primeto 10,

1,379

name of group is Ui, the Group of units.

Theorem 2.1: Uniqueness of the identity: In agroup G, there is only one identity

dement.

Proof strategy: Typical of uniqueness proofs. suppose there are two, and derive a
contradiction, in this case, that the two things are equd.

Fact review: if eisanidentity, and aisany dement,thenea= aandae= e.
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Proof: Supposethat € and €' are both identities.
Since€ isanidentity, €€’ =€’
Since €’ isan identity, €€’ = €.
By trangtivity, € =€, and there weren't redlly two different identities.
QED

Theorem 2.2: cancdlation: Inagroup, G, both left and right cancellation laws hold.
Thatis,

if ba= ca, then b = c (right cancellation), and
if ab = ac, then b = c (Ieft cancdlation)

Proof plan: direct deduction. Suppose they hypothesis, and deduce the consequences

Proof: (of left cancellation only. Right cancdlation is very amilar)

Suppose ab = ac.
ahassaninvers cdl ita
Thena (ab) =a(ac) multiplying both Sdeson theleft by &
(@adb=(aac asociaive law
eb=ec property of inverses
b=c property of identities
QED

Theorem 2.3: uniqueness of inverses. An dement ahas only oneinverse.
Proof plan: suppose there were two, and show they are the same.

Proof: Supposed and & were both inverses of a
Thenaa =eandad’ =e (properties of inverses)
soad =ad’ trangtivity
sod =a left cancellation
and thetwo inverses are in fact equal.

QED

Theorem 2.4: Theinverse of abisb'a (not necessarily ab')

Proof: (direct) (ab)(b’'a) =a(bb’)a =aed =ad =e
sob'd isaninverse of ab (property of inverses)
so b’'d isthe inverse of &b Theorem 2.3

QED

remark on the use of * as an inverse notation in “multiplicative’ groups and multiplesin
additive groups.
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