Math 416 — Introduction to Abstract Algebra

Chapter 3 — Finite Groups and Subgroups

9/13-HW #1 due: Ch 1, p. 37 #2, 3, 12, 13, 16, 20, 22

9/18 —HW #2 due: Ch 2, p.53#1, 2, 3, 6, 7, 13, 16, 22, 25, 26

9/20- HW #3due: Ch 3,p. 67#1, 2, 4,6, 8,9, 14, 21, 22, 28 (see p.47 example 17 and
p. 45 example 9)

Online Quiz Zero — technica problems continue

Remember, sketchy definition of a group:

G, o
1. closed
2. asocidive
3. identity
4, inverses

Definition: The number of dementsin agroup is caled the order of the group, denoted
IG|. If Gisnat afinite group, we sy it isan infinite group, even though “infinity”
isnot a number.

Examples
|Zn]=n
ID4| =8
|Z| isinfinite
|U10| =4
Definition: The order of an dement g in G isthe smdlest positive integer n, if one exigts,

suchthat d' = e. If no such exists, we say that g hasinfinite order. The order of g
is denoted [g|.

Examples

lel = 1, in any group
In D4, |R90| = 4 and [f| = 2 for any of theflips, D, D’, Hand V.

InZ12,%, 12| =6, |3| =4, and if a<>1and GCD(a 12)=1, then |[a| = 12

Definition: If H isasubset of G, and if H isagroup under the same operation as G, then
H iscdled asubgroup of G.
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Examples.
Inany group, G, both {€} and G itsdlf are subgroups of G. These are called

trivial subgroups. All other subgroups are called proper. A group with no

proper subgroupsis caled simple. D4 isnot Smple, but Zy, issmple
exactly when p isprime,
InZ, +, the even integers form a subgroup of Z.

This subgroup is denoted 27.
37, 47., etc. are also subgroups.
7, iISNOT asubgroup of Z.
Its operation is different. InZ, (1) + 1=n,butin Zn, (1) + 1=0.
Theorem 3.1: One-step subgroup test:
Let G be agroup and H be a (non-empty) subset of G. If ab™* (or, in additive

notation, if a—b) isawaysin H, whenever aand b arebothinH, thenH isa
subgroup of G.

Proof plan: To check each of the conditionsin the definition of subgroup, but not
necessarily in order:

0. non-empty subset
1 closed operation
2. assodidive
3. identity
4. inverses
Proof in five steps:
0 Itisgiven that H isanon-empty subset.
2. The operation is the same, S0 it is associdive.
3. If x isin H, then the condition guarantees that xx ! isin H (takea= x and

b = x in the condition), so eisin H.
4, Suppose x isin H. We know (from 3) that eisin H, so (takea=¢, b =X)
ext=xtisinH.
1 Supposex andy arein H. Then (from 42%/'1 iIsinH. s
(takea=x, b= y*, and knowing that y *"*=y), xy 1 *=xy isin H.

Example: Let G bean abeliangroup. Let H :{xT G:X¥= e}. Then H isasubgroup of
G.

Note: this condition isn't redly that weird. In Dy, the ementsH, V, D, D’, e and R180
al sty this property, but D4 is't abelian, so the theorem doesn’t apply here.
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There arelots of abelian examples, though. In Ug, 1, 3, 5 and 7 have this
property.

Proof plan: We need to show H is non-empty, and that it satisfies the ab™* condition.
Thatis, if & = eand b® = e, then (ab)? = ¢,

Proof. el H soH isnon-empty.
Note, if »° = e, thismeansthat x = x .
Supposethat aand barein H. Thismeansthat & =eand b® = e,

Then (ab™)* = (ab)® (why?)
= (ab)(ab)
= (aa)(bb) because G is abdian
=ee
=e

0, by the definition of H, ab™* isinH
S0, by the one-step subgroup test, H is a subgroup.
QED

Theorem 3.2: Two-step subgroup test
Let G beagroup and H be anonempty subset of G. If abisin H whenever aand
bareinH, and if a* isin H whenever aisin H, then H is a subgroup of G.

Proof plan: adirect proof usng theorem 3.1.
Proof: We are given that H is non-empty.

Supposeaand bareinH. ThenbtisinH, by property 2. Thenabt isinH by

property 1. Then H isasubgroup by theorem 3.1.

QED

Theoem 3.3: Finite subgroup test

Suppose H is anon-empty finite subset of G, and that H is closed under the

operation of G. Then H isasubgroup of G.

Proof plan: To useaclever trick of Euler to show that H hasinverses, and then to apply
the two-step subgroup test.

Proof: Supposethat H isfinite, non-empty and closed under the operation. Let abe any
dement of H. Wewill show thet a® isin H.

Consider the sequence a, &, &, .... SinceH iscdlosed, dl these dements must be
inH.

H has only finitdy many eements, so eventudly this sequence must repest.

Suppose that the first repetition isthat d = &, with i>].
Thend? =e andsoa’ =at, anditisinH.
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So, by the two-step subgroup test, H is a subgroup.

QED
Notation: For ain G, let <a> bethe set of dl dements d", wherenisin Z, induding n=0
giving eand n=-1 giving a*.
Theorem 3.4: <a> is asubgroup.
Let G beagroup and abe any element of G. Then <a> is a subgroup of G.
Proof plan: Direct proof using the one-step subgroup test. Two-step test would also
work.
Proof: LetabeinG. aisin<a> 50 <a> isnon-empty.
Suppose that x and y arein <a>. Then for some m and n, x=d" and y=4".
Theny! =a" andxyt =d"™". That'sin <a>, s, by the one-step test, <a> isa
subgroup.
QED

Example In Dy, let R be the smallest rotation, R(360/n), and F be aflip. Then<R>isa
subgroup. It turns out that <R> is dl rotations, no flips.

Example In Q, takea=7%. Then <a> isthe set of al powersof 2, (positive powers, and

negetive powers, which are dill postive numbers) This subgroup “behaves’ just
like the integers, since 2° is the identity, and when you multiply powers of 2
together, you just add exponents.

Definition: A group iscdled cyclic if has an dement asuch that G = <a>.

Examples Z (+), Zy, and, for some vaues of n, U,.

Definition: The Center of agroup G, denoted Z(G), isthe set of dl ements of G that
commute with every dement of G. That is,

Z(G)={al G:" xI G,ax=xa}

Notethat if G isabdian, then Z(G) = G, and conversdly.
(what does*and conversely” mean)

Theorem 3.5: Z(G) isasubgroup of G.

Proof plan: Direct proof usng the two-step test. We could use the one-step test, but it is
alittletrickier.
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Proof: eisin Z(G), s0 Z(G) isnonempty. (Don't skip the “nonempty” part!)

Supposethat aand b arein Z(G). We want to show that abisin Z(G).
Suppose that X isany dement of G. Then

(@)x =abx) associativity
= a(xb) becausebisin Z(G)
= (ax)b associdivity
= (xab because aisin Z(G)
= x(ab) asociaivity.
So, abisin Z(G)

So, by the two-step test, Z(G) isa subgroup of G.
QED

Definition: If aisin G, then the centralizer of ain G isthe st of dl dements that
commute with a, denoted C(a). That is,

C(a)={xl G:ax=xa}

“Obvioudy”, el C(a), so C(a) is nonempty.

Infact, Z(G) i C(a), since dements of Z(G) have to commute with everything,
but dements of C(a) only have to commute with a

Infact, Z(G) = C(a).

Theorem 3.6: C(a) isasubgroup, for each ain G.

Proof plan: to make you do it as an exercise.

ZCGNQR?®
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