Math 416 — Introduction to Abstract Algebra

Chapter 4 — Cyclic groups

9/13-HW #1 due: Ch 1, p. 37 #2, 3, 12, 13, 16, 20, 22

9/18 —HW #2 due: Ch 2, p.53#1, 2, 3, 6, 7, 13, 16, 22, 25, 26

9/20- HW #3due: Ch 3, p. 67 #1, 2,4, 6,8, 9, 14, 21, 22, 28 (see p.47 example 17 and
p. 45 example 9)

Online Quiz Zero — technica problems continue

10/2-HW 4adue: Ch4,p. 82 #1,3,5,8,11
10/9 — HW 4b due: Ch 4, p. 82 #13, 14, 16, 17, 23, 24, 45

Remember, sketchy definition of a group:

G, o
1. closed
2. asocidive
3. identity
4, inverses

Definition: A group Giscyclic if thereisan dement ain G such that
G :{a":nT Z}:<a>

Example 7Z iscydic

Example Zn , +iscydic, for any n, generated by 1, or by any other number relativdy

primeton.

Example3:  Generatorsof Zg arel, 3,5and 7.

Example 4: U0 ={1, 3,7, 9} iscydlic. (operation is multiplication)
generatorsare 3and 7, not 1 or 9.

Theorem 4.1: If Gisagroup and <a> a subgroup.
a If || isinfinite, then al powers of aare distinct. o
b. If Ja| isfinite, say n, then<a>={g &, &, ... @}, and d = d exactly when
ndividesi —|.
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Proof plan: part a Suppose two powers were equd, and show that the exponents are
equd.

part b: First, suppose that the given dements were not digtinct, and get a
contradiction to the hypothesis thet |Jal = n. Then use the divison agorithm to show that
there are no other eementsin <a> by adirect proof, showing that every & ison thelist
somewhere.

Then suppose that d = d. Use the division algorithm and definition of order to
show that n dividesi —j. Then, finaly, show directly thet if n dividesi —j, then d = 4.

a distinct: suppose fd| isinfiniteand that d = &. Then d7 = e Sinceld isinfinite, i-
j=0,%01=].

b. 1. Suppose that they were not distinct. Then some two are equdl, say d = 4,
withO<=j<i<n. Thend’ =0, withOi —j <n. Contradicts definition of n
being smllest.

2. consider &, with k outside range of 0to n-1, that is, suppose that & were
apparently not on the list. Then dividek by n, togetk =gn+r, 0 d=a™" =
(@)% =ed =d,withO<=r<n1. Soa‘wasonthelis.

C. Suppose d = d. writei —j = gn+r, soe=4d7 = (@)% =ed =&, sor=0(since
Osr<nBson|i-j| o
d. Ifn|(i—j)theni-j=ng,s0d’ =e sod =4.
QED.

Cordlay 1.  |a = |<a>|

Corollary 2:  if & = e, then [g] dividesk.

Theorem 4.2: Let[a|=n. Then <ak> =<ang(n'k)> and |ak| :m

proof plan: This theorem has two parts, so we need atwo-part proof.
Thefirg part will be direct, and will use the divison agorithm.
The second part will be direct and will be a calculation.

Proof: part 1. let d = gcd(n,k).
letk=dr (sncedisadivisor of k, we can do this))
a = aT=(af
<d> isasubset of <a™>
there are integers sand t such that d = ns+ kt (gcd theorem 0.2)

a’ =a™™ =a™a" :(a”)s(ak )t :e(ak)t :(ak)tT <ak>
w (a)1 (a)

recd| that d = ged(n,k), so we have
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<ak > — <agcd(n,k) >
end of part 1
part 2:

Clam: |a® F n/d whenever disadivisor of n.
(a*)"" =a"=e (thiswouid bewrongif d cidn't civider)
|a’ |En/d (remember def’ n of |g])
but supposei < n/d. Then di <nand (a")i =a’te
sncedi<nand|g=n
So |a“ | can't belessthan n/d

so|a’En/d
proving the dam.
Let d = ged(n,k). (ddividesn, so, by theclam ...)
|a“ |= Ka“)‘ by definition

= Kag"d‘”'k) >‘ by part 1

= <a9°"(”'k>> by definition

=n/gcd(n,k) by the daim.

QED

Corollary 1: Let [g = n. Then <a> = <aj> exactly when ged(n,i) = ged(nj)

Applicationto drawing stars.

Corollary 21 Let G = <a>with |G| = n. Then G = <d> iff gcd(nk) = 1
Corollary 3:  k generates Z, iff gcd(nk) = 1.

Theorem 4.3:  Fundamentd theorem of cyclic groups.
Every subgroup of acydlic group is cydlid.
If |<&>| = n, then the order of any subgroup If <a> dividesn.
If k isadivisor of n, then <a> has exactly one subgroup of order k, and that
subgroup is <d’*>

Trivia question:
Name another Fundamenta Theorem that you should know.
Arithmetic (prime factorization)
Algebra (nroots of a polynomid of degree n)
Cdculus
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Stll have to add the proof of Theorem 4.3.

ZCGNQR°T |
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